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PRIMER ON COUPLING COLLECTIVE ELECTRONIC
OSCILLATIONS TO NUCLEIl

by

J. C. Solem and L. C. Biedenharn, Jr.

ABSTRACT

On the basis of simple heuristic models, we show that atomic electrons
can (1) amplify fields observed at the nucleus, (2) generate harmonics,
and (3) drive higher multipolarities. We consider a model with the
pucleus at the focus of a uniformly charged ellipsoid. It amplifies an
oscillating external electric field and produces an oscillating electric-
field gradient but no higher derivatives. The electric field has only odd
harmonics and the electric-field gradient has only even harmonics. There
is an optimum intensity for driving each harmonic.

We comment on the relevance of these results to the U2?3° experiment
and to the gamma-ray laser.

L. INTRODUCTION

Much is said about using electronic shell collective oscillation to drive a nuclear transition, but we still find
misunderstanding of that process’ underlying principles. In this primer we attempt to justify qualitatively and
semiquantitatively three major assertions (“articles of “aith”):

1. Atomic electrons can amplify an external electromagnetic field as observed at the nucleus.

2. The electrons can produce harnonics of the external field. inducing nuclear transitions of energy greater
than the quantum energy of the radiation.

3. The electrons can cause an oscillating electric field to produce nuclear transitions of multipolarity higher
than that of the (dipole) source.

The first article of faith results from the mechanics of the electron mtion. The others require nonlinearity:
the second requires temporal nonlinearity and the third. spatial nonlinearity.



II. A SIMPLE LINEAR MODEL

To begin, consider an extremely simple model of the atom as shown in Fig. 1. The atom consists of a
spherical cloud of charge with a fixed nucleus. Every electron in the cloud sees the same electric field:

Eicoer = En sinuwt, (1)

where w is the laser frequency. The spherical cloud is displaced from the fixed nucleus by a distance

I=//eE0:nwtd2t=_eEosinwt‘ @)
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where e and m are the electron’s charge and mass. Every electron has the “quiver energy” and undergoes the
“quiver displacement.” Now the electric field from a uniformly charged sphere acts as though all its charge
were at the center. Furthermore. no field exists inside a uniformly charged spherical shell. Therefore, the field
at the nucleus owing to the electron displacement is

4_.3
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where p is the cuarge density (i.e., p = Ze/V = 3Ze/47r3). The total field at the nucleus is Epyc = Eeg— Elaser;
therefore,

Ze? Epsinuwt

Enue = mwzrg — Ey sinwt. (4)
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Flg. 1. Atomic electrons represented by a uniformly charged sphere. The
electric field displaces the sphere from the nucleus.



The external field is amplified by a factor

ao 2 _Zrxi-n (5)
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where X = A /2 7 = ¢/ w and r, is the classical electron radius. Taking A = 193 nm for the experimental setup
by Rhodes? et al. and rg = 1 A, we get

A=277Z-1. (6)

For uranium, the electric field at the nucleus is about 250 times the laser electric field. Therefore, we have
verified, tn a simple model, the first article of faith!

The manifestly linear respouse, as illustrated by Eq. {4), produces no harmonics, and the model does not
support Article 2.

Equation (3) shows that the derivative of the field, ‘3—6%!* , does not vanish at the nucleus, but this does not
snean that a quadrupole field exists as at the nucleus. Relative to the center of the electron cloud, the potential
is clearly a monopolar field:

Z
Vi = (o5 ) @8 =) 1n 1 <o (7a)
2ry
Relative to a displaced center (the position of the nucleus),
Z
Vi(p,0) = (Er%) [(3r& — 2% - p?) —2zpcos b]. (7b)
0

We see from Eq. (7b) that the potential at the nucleus is a combination of monopolar and dipolar terms.
In particular, all quadrupole and higher multipole terms vanish at the nucleus; therefore, the model does not
support Article 3.

As s point of digression, it is interesting to note that although we have neglected the restoring forces on the

electron cloud in Eq. (2) for simplicity, Eq. (3) provides a linear restoring force binding the electron cloud to
the nucleus. The natural frequency is given by

/ k Z%e? Z rpc?
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For Z = 38 (Krypton), this is very nearly the frequency of the laser in the experiment of Rhodes! et al.

IIl. A SIMPLE NONLINEAR MODEL

The model of Fig. 1 is adequate for only the crudest estimates at small displacements and is meaningless
for z > rg.

Figure 2 shows a slightly more complicated model. The electric field distorts the initially spherical atom
into an ellipsoid with the fixed nucleus at its focus. The ellipsoid has constant volume, and the fastest moving

point will be taken to move with the quiver velocity [i.e., its displacement is given by Eq. (2)]. The electric
field from a ring of charge as shown in Fig. 2 is

d2E=—‘27rrsin0drrd0pc~(;—zg. (8)

The equation for an ellipse is

=B+ Acos¥, (9)
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Fig. 2. Atomic electrons represented by a uniformly charged ellipsoid of
constant volume. The electric field alters eccentricity.

therefore, the electric field at the nucleus is
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Recalling that the volume of an ellipsoid is %Trab"’, where a (along the axis of symmetry) and b are the major
and minor semiaxes and b = av/1 — €2, with ¢ the eccentricity, we find

_ 3Ze(1 — 2)?/3 1+e€
E.q= Py [En (l — e) - 26] . (11)

Now the fastest moving point on the ellipsoidal surface is on the axis of symmetry opposite the nucleus. Its
displacement from the original sphere is

1l

—27mp

(10)

z=(1+€a—rg= ((1 1;;/3 1) ro. (12)

Equation (12) can be inverted to give ¢ as a function of £ > 0, that is,

2\ 1 z 6]/ 1 z\3
€= 2(1+—) +-{1+= -1--{1+= (13)
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2 3
_ %—%(%) —5(%) +...,0<z <K, (14a)
1—4(5'13+ LI 710> 0. (14b)
Now, E,4(z) must be odd [i.e., E4(z) = —E.4(—z)]. The electric field, E,q4(¢), given by Eq. (11) is odd, but
€(z) given by Eq. (13) is meaningless for z < 0. Because Eq. (11) is odd, we may use e¢(—z) = —¢(z) in
Eq. (11), where z > 0.
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Now, from Eq. (2)

r=anrgsinwt. (15)
where a = —r—:;Eﬁ;; , a dimensionless parameter. Therefore, E.4(t) is odd, and its Fourier series has only sine
terms:

1 m
by = ;/ Eeq(t)cos mtdt = 0. (16)
Furthermore, the only time dependence of E,4 is as a function of sin wt; therefore, Fe4(t) = ~Eea(t+ Z ), and
its Fourier series will have only odd harmonics:
1 (7 0, modd
= - in mt dt = ’ . 17
am p /_,, Eeq(t)sin m { 7. meven (17)

To evaluate this Fourier series for small values of o, we need not undertake the tedious integrations of Eq. (17).
We can approximate ¢ by the first term of Eq. (14a), which is intrinsically odd. Substituting the first term in
Eq. (11) and taking a Taylor series around z = 0, we obtain

Eed:—g(i———j—r—ﬁ—_—,f—... . (18)
5 \to lorg 31ty 2835r )
Subsituting Eq. (15) and using the multiple-angle formulas

sin%f = %(l —cos 20) ,

sin30 = l(3 sin 8§ — sin 36) ,

4 (19)
sinif = —;—(3 —4 cos 20 + cos 46),
we obtain
. Ze 7 .
Eeq = 9072072 [97a’ sin(7wt)
+ (—679a’ — 468a°) sin(5wt) (20)

+(2079¢" + 23400° + 1512a°) sin(3wt)
+ (—33950" — 46800° — 4536a° + 907200) sin(wt)] ,

which verifies the second article of faith.

The electric field from electron displacement as given in Eq. (11) has a maximum value at ¢ = 0.848 or
z = 1.82ry. This means that if we are trying to drive a dipole transition, we cannot realize further gain beyond
an optimum intensity. Table [ gives the field strength of the first seven harmonics as a function of . We see
that the first harmonic reaches a maximum around a = 2, which corresponds to an intensity of

12235 x 102 (rg/A2W -em™2, (21)

"or A =193 nm and rg = 1 A, this is T = 10'*W - cm~2. The higher harmonics reach maxima at progressively
higher values of «, showing that there is an optimum intensity for each.

If we take o = 2, we find from Table I that the amplitude of the first harmonic is 0.861. Therefore, the
amplification of the electric field from the laser is

0881 Ze?

A= ——5 -1 22
2 mw?r ! (22)



TABLE I. Fourier Coefficients a,, for Electrical Field®

m o 1 2 4 8 16 32 64
1 6774 [-8610j* 7743 .4968 .2482 .1104 0430
3 .0635 1823 3201 |-3343] .2345 1271 .0585
5 .0107 .0473 1361 [-2094] 1907 .1181 .0620
7 .0032 .0157 .0623 1321 [-1521] 1125 .0642
4Cofficients are for various values of a = — %’ﬂmuﬂ obtained by numerical integration.

Ze .
Eed:r—2 Z @, sin(mwt)
0 oddm

bValues in brackets are near the maximum, showing that there is an optimum intensity
for driving each harmonic.

Again us'ng A = 193 nm and ry =1 A, we obtain

A=12Z -1, (23)

which can be compared with the result from the linear model given in Eq. (6).
We now turn to the question of driving higher multipolarities in the field at the nucleus. Specifically, e are
looking for the derivatives of the E-field along the axis of symmetry and at the focus. These are giver by

A

3¢ (B-A)"!
EFEM = -2mp /(B ' / Py (cos 0) r%sin 0d0 dr. (24)
+A4)- cos~ 1 (Hlz—

where A and B are given by Eq. (19). For £ = 0, we find

_ 2mp B+ A
Eed__ZZ— [B En(B_A)—ZA], (25)
which is the same as Eq. (10). For £ = 1 we find
7] B B3\ B+ A B* 4
zEed—-’”’[(Z‘z:?/f" (E_—A)”zra]* (26)

which couples to nuclear quadrupole moments and verifies the third article of faith! However,

al
0zlEy
for £ > 1. There is no coupling to the nucleus for octupole or higher moments. This is obvious from the

symmetry of the ellipsoid: to have an octupole coupling, it would have to assume a pear shape at some place
in its cycle.

Now %E,d(t) = aa—IEed ¢+ 5), therefore, the quadrupole will couple only to even harmonics. In terms of
eccentricity, E£q. (26) can be written

0 (27)

aE _ Ze 3(1—62)@!1(}—1_'—5-)-}-4(3—66
9z =4~ S 4¢3 !

(28)



which is an even function of €.
Taylor expanding Eq. (28) around € = 0 and substituting the first term of Eq. (14a) for ¢, we find

Eg=-= +gtogt--

3z - rg 5r_5+35r3 211'8 33rg (29)

9 e ( 2 3zf 6 18 )
By substituting Eq. (15) and using the multiple-angle formulas of Eq. (19), we can obtain an expression
that gives the even harmonics for very small o. Of more interest is the limit of large o . We note that from

Eq. (28),

Iim 0 _ Ze
e— 1 F Y Eed - 21.% : (30)
Re-expressing Eq. (28) using Eqs. (14), (15), and (19), we have
. d ZelQ:t=12"
lim 2 - _Zc w
o — 009z 2r3 { 1: otherwise’ (31)
Because Eq. (28) is even,
a, =0 (32)

(i.e., all sine terms of its Fourier series vanish, and all harmonics must be in phase or 180° out of phase with
the driving radiation). Furthermore,

a — o0 (33)

lim p = {O;m#’.

m 2:m=0’

all oscillatory components of the quadrupole coupling vanish at high intensity.
Because the oscillatory components vanish both at & = 0 and as « approaches infinity, they must have a

maximum value in between. Thus, there is an optimur: intensity for driving eack harmonic, as illustrated in
Table 1.

TABLE II. Fourier Coefficients b,, for Electric-Field Gradient®

ma 1 2 4 8 16 32 64
0 -.1184 —.2049  —.5398 —.7472 —.8724 —.9364  —.9685
2 0528 .1151 [-1621)° .1479 .1000 0570 .0302
4 .0052 .0231 .0606 [.0858] 0758 .0500 .0285
6 .0010 .0059 .0246 .0508 [-0574] .0440 .0269
8 0004 .0020 .0108 0308 [-0435) .0383 .0249
2Cofficients are for various values of o = — %ﬂm w? obtained by numerical integration.

d Ze |l
EEEd = E [5 bo + Z b cos(mwt)]

evenm

5Values in brackets are near the maximum, showing that there is an optimum intensity
for driving each harmonic.




IV. COMMENTS ON THE U?%3% EXPERIMENT

This experiment intends to couple the 15th harmonic of %E,d to the nuclear electric octupole. As shown
in Tables I and II, higher harmonics generally drop off rapidly. Furthermore, in the simple nonlinear model
the coupling of 33; = E.4 to typical nuclear quadrupoles is greatly reduced from the coupling of E.4 to typical
nuclear dipoles, and the coupling to octupoles, as well as coupling to all higher multipoles, disappears entirely.
For a gamma-ray laser, we would like to transfer from the storage state by a dipole transition and hopefully
at the driving frequency, not at a harmonic. This is much easier.

Therefore, success of the U23% experiment should be interpreted as exceedingly encouraging for development
of a gamma-ray laser, and inability to detect any excitation should not be discouraging.
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