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ABSTRACT:

Absorption in air is often overlooked in acoustic propagation simulations, largely due to the lack of
low-complexity, valid, and robust modelling techniques. This paper proposes modelling air absorption using a
third-order digital filter whose coefficients are derived analytically from the propagation conditions (temperature,
pressure, relative humidity, and propagation distance) and the sampling frequency. The proposed filters closely
approximate the absorption model specified in the ISO 9613 standard [(1997). 9613-1, International Standards
Organization, Geneva, Switzerland]. Errors remain below 50% for 95% of the frequency spectrum between
20 Hz and 20 kHz for propagation distances of up to 25 m, across atmospheric conditions spanning temperatures
from —20 °C to 50 °C, relative humidity from 0% to 100%, and pressures from 97300 Pa to 104 700 Pa.
Although accuracy decreases with increasing distance, similar levels are preserved for propagation distances of
up to 100m when the temperature is below 20 °C. The filters are minimum-phase, enabling not only low-cost
simulation of air absorption but also stable inverse filtering to remove air-absorption effects from measured
acoustic impulse responses. © 2026 Acoustical Society of America. https://doi.org/10.1121/10.0044114

(Received 13 November 2025; revised 4 May 2026; accepted 21 May 2026; published online 18 June 2026)

[Editor: James F. Lynch] Pages: 5554-5565
. INTRODUCTION o~ rof?
Y @
Absorption of acoustic energy in waves transmitted : JrN r0
through air is mainly the result of two physical phenomena
(Evans et al., 1972): conversion of mechanical energy of ~ Where
moving molecules into heat (classical losses) and relaxation
losses related to the conversion of translational energy into a0 = 1.59820 x 10-10 Pref 17 (3)
internal molecular energy. Among all of the components of Po V Tt
air, only the molecules of the two most abundant (N, and
. . T3
0,) play a relevant role in this second phenomenon (Bass o = 0.927 653 / isfe—3352/T’ (4)
et al., 1990). The magnitude of sound absorption losses is T

frequency dependent and mainly depends on propagation -
distance ar.ld three atmospheric variables (Bgss et al., 1990): o3 = 0.110745 he—zzw.l /T7 (5)
atmospheric pressure, temperature, and humidity. T3

According to the standard mathematical model for
sound absorption proposed by the standard ISO 9613- ) > ) 3
1:1993 (ISO, 1993), the absorption losses in decibels are a  CreNce air pressure, 7 is temperature in K, Trer = 293.15K is

where py is the air pressure in Pa, p.f = 101 325 Pa is the ref-

linear function of the propagation distance, the reference temperature, and f,x and f.o are the relaxation
frequencies of nitrogen and oxygen, respectively.

20 log 1o pry\ _ —od, ) Although «; depends on pressure and temperature, and

s o, and o3 only depend on temperature, f,n and f,o also

depend on humidity, according to
where p; is the amplitude of the pressure wave generated by

the source, p; is the hypothetical amplitude of the pressure Do [Tret 417 (1= /T T
wave at the listener position if absorption in air were the I :IE T\ + 280k xe ( 7) ’ (6)
only cause of loss, and d is the distance (given in m)
between source and listener. Do 4, 0.02+h
0 = 244404 x 10°h ——— 7
The factor o can be modelled as the addition of three fro Dret ( + x 0.391 +4h)’ )

terms dependent on acoustic frequency f,

where £ is the molar concentration of water vapour in %.
This can be estimated from the relative humidity H, which
YEmail: r.fraile@upm.es is also given in % as (Attenborough et al., 2007, Chap. 1)
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h— H(pmt) (pref>’ (8)
Pref Po
where pg, is the saturated vapour pressure, which can be
approximated by

Psat 1O*6151-6.8346(Trer /7). 9)
Pref

The complexity of this model makes its direct use in
real-time applications challenging. Only in recent years has
it been incorporated into real-time systems but implemented
on hardware with very high computational power. In partic-
ular, Mainolfi (2025) implemented the model in an auraliza-
tion system running on a platform equipped with a 14-core
central processing unit (CPU) and a 30-core graphical
processing unit (GPU). Despite these limitations, modelling
air absorption in room acoustic simulations is essential to
avoid significant errors at frequencies above 1kHz
(Okuzono, 2024). Motivated by this need, several authors
have proposed simplified approaches based on digital filters
designed to reproduce the frequency-dependent behaviour
of air absorption.

Early work by Huopaniemi et al. (1997) introduced the
use of a first-order infinite impulse response (IIR) filter, with
parameters determined by numerically fitting the ISO 9613
absorption model (ISO, 1993). However, the complexity of
the frequency response—which may exhibit a frequency-
dependent attenuation with variable slope—suggests that a
single first-order filter is insufficient in many practical situa-
tions. Indeed, Eq. (2) shows that the total absorption loss
arises from three distinct physical mechanisms acting as cas-
caded filters, a behaviour that cannot be accurately captured
by a single first-order system.

Moreover, the shape of the absorption response strongly
depends on atmospheric conditions. In particular, the rela-
tive contribution of the second and third terms in Eq. (2)
varies significantly with temperature 7T, pressure pg, and rel-
ative humidity H. To address this dependency, Petruzzellis
and Zanghieri (2013) proposed the use of two first-order IIR
filters in selected cases, although no explicit procedure for
computing filter coefficients was provided. More recently,
Kates and Brandewie (2020) suggested a first-order filter
with time-varying coefficients obtained through numerical
fitting of the ISO 9613 model. Hamilton (2021b,a) aimed to
remove the need for numerical optimization by relying on
physically motivated formulations; however, both
approaches resulted in filters with substantially higher com-
putational cost than low-order IIR solutions.

Finite impulse response (FIR)-based models have also
been proposed (Tsuchiya, 2007). In this case, accurately
reproducing the complexity of the air-absorption response
requires high-order filters, which are associated with long
group delays and increased susceptibility to numerical
errors. These numerical issues may become particularly crit-
ical when inverse filtering is required because they can lead
to unstable systems.

J. Acoust. Soc. Am. 159 (6), June 2026

In this paper, we propose a digital filter for simulating
air absorption based on a cascade of three first-order IIR fil-
ters. This approach maintains a low computational cost,
resulting in an overall third-order system while preserving a
direct link with the underlying physical mechanisms: each
filter corresponds to one term in Eq. (2), namely, classical
losses, N, relaxation losses, and O, relaxation losses. The
proposed filters are minimum-phase, enabling not only the
efficient simulation of air absorption but also stable inverse
filtering to remove air-absorption effects from measured
acoustic impulse responses. Finally, we derive closed-form
analytical expressions that allow all filter parameters to be
computed directly from the atmospheric variables T, po,
and H.

Il. FILTER MODEL

As explained in Sec. I, the ISO 9613 model decomposes
the attenuation factor o(dB/m) caused by sound absorption
in air as the sum of three frequency-dependent terms [Eq.
(2)]. As « is defined as the logarithm of the ratio between
pressure amplitudes [Eq. (1)], this model is equivalent to
defining that ratio as a product of three frequency-dependent
factors such that

n(f)
ps(f)

\ ()] ()] - [Hs (£, (10)

where the modulus operator | - | is used because the model
does not provide any information about phase.

Our challenge is to find three first-order IIR digital fil-
ters, in which response in z-domain is equal to

1 - c,-z_l

Hi(z) = ki an

1 —piz7V’

where i € {1,2,3} and ¢;,p; € R such that each one is as
similar as possible to its corresponding continuous-time
model H;(f) when applying the impulse invariance transfor-
mation (Oppenheim et al., 1999, Chap. 7),

[H; (27 15) | ~ |H;(£), (12)

where f; is the sampling rate and j is the imaginary unit. We
also require that each H;(z) is stable to avoid implementa-
tion issues and, as the ISO 9613 model provides no informa-
tion about phase, we further impose the constraint that each
H;(z) has an inverse system that is also stable. These two

conditions imply that
leill <1, |pil <1 Vie{l1,2,3}. (13)

The response of the whole system will be given in z-
domain by

l—ciz7' 1=z 1= ¢327!

H(Z) = kikoks - (14)

1 —piz7' 1 —ppz=t 1 — 3zt

Fraile etal. 5555
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For simplicity, we will group the multiplicative factors k; in ~ A. Model for classical losses
a single group k = kjkk3. Therefore, the challenge is to find
the values for the seven parameters &, ¢y, ¢2, ¢3, p1, p2, and
p3 that provide the best fit between the digital and ISO 9613

Classical absorption losses are modelled by the first
term (i = 1) in Eq. (2). Therefore, for this term, Eq. (12)

becomes
models.
Given H(z), the frequency response of the digital model
in decibels can be written as 1 —2c¢; cos (Zn}:) +ct
10 log |, fs ~ —odf?. (17)

1 —2pjcos <2n}:> +p?
s

3 — e 2/l
1 e/
=20 log ok + D20 log g| | (15)
=1 1 — pie7>W/ /s As shown in Fig. 1(a), the ISO 9613 model for classical
losses has a low-pass frequency response that is much sim-
Calculating the moduli pler than that of the full model. We, therefore, propose a
simple one-pole model (c¢; = 0). As a criterion for similarity
20 log 10|’H~(e/2nf/f‘)\ between the ISO 9613 and the digital model, we propose
3 that the 10 dB/km attenuation frequency is the same for both
=20 log ok + Z 10 log 1, systems. This frequency is
i=1
10 0.01
2 _ —
1 —2¢;cos (271%) +c? —uifly = — 1000 Jo10 =4/ . (18)
X ; (16)
1 —2p; cos <2n J?) +p} and the resulting condition for H,(e/>¥/%) is
L . . (e/2n0/f;
The procedure and criteria for fitting this model to that of 20 log ;o HATTR) (62] ) =0.01d. (19)
Eq. (2) is described in Secs. [T A-TIC. H;(e2n-10/f;)
(a)o s Classical Losses (b) Nitrogen Relaxation Losses - er =104.5204 Hz
‘ T T T 0 T T
—I1S0 9613
gost 8-0.02 3
< =-0.03f
g 1 g
é §-0.04 r
215 2
-0.05
2[—iso 9613 -0.06
= =Digital model
2.5 . . -0.07 .
10? 10° 10? 10° 10*
Frequency (Hz) Frequency (Hz)
(C) Oxygen Relaxation Losses - fro =6681.0302 Hz

T T T

0

Absorption (dB)

15[ —1s0 9613
— =Digital model

102 108 10*
Frequency (Hz)

FIG. 1. The three components of absorption losses in air as a function of frequency for d = 50m, T = 298.15K, pp = 101325 Pa, and H = 40%. Classical
losses (a) and relaxation losses associated with N; (b) and O, (c) molecules are displayed. For the digital model, f; = 48 kHz.

5556  J. Acoust. Soc. Am. 159 (6), June 2026 Fraile et al.

ST :82:50 9202 AInc 20



The values of p; that satisfy this condition are (see
Appendix A)

cos 2_77: 1001 _100400111
s o

pr= 1= 10().0()ld
2
cos 2_” /0.01 _ 100-001d
fs Voo
- 1 — 100-001d -1 (20)

and the option satisfying |p;| < 1 should be chosen for the sys-
tem to be stable. Figure 1(a) illustrates the fit between this
model and the ISO 9613 model for a distance of 50m and
atmospheric variables T = 298.15K and pp = 101325 Pa.

B. Model for relaxation losses

According to Eq. (2), relaxation losses for N, and O,
have the same form. Therefore, the modelling problem can
be formulated as the search of (c;, p;) pairs such that

1—2c;cos (27rf) + ci2 f2
: ~ —0idfyi 55,
f 2 fr f2 + r%
1—2p;cos 27rf +p;

s

10 log

21

where i € {2,3}, fi» =fin, and f;3 = f,0. Figures 1(b) and
1(c) show the shape of these absorption loss functions
—odfyif?/(f* + f2). 1t can be noticed that their low-pass
behaviour is somewhat more complex than that associated
with classical losses because the response has a “backwards-
S” shape with two corner frequencies. This shape suggests
the need for using zero-pole models instead of simpler one-
pole models as employed for classical losses.

Considering the shape of the frequency dependence of
relaxation losses, we propose the following requirements for the
design of the digital model corresponding to each component:

(I The system must be low pass;
(1) attenuation at high frequencies (f = f;/2) with respect
to f = OHz should be as specified by the ISO 9613

model such that
N
(A
2

[y
e

(II) and we further require the system to be minimum-
phase so that it has an inverse system that is stable.

Ly o = oydfy; ; (22)

1. Nitrogen relaxation losses

Typical relaxation frequencies of nitrogen in air are below
1 kHz (see results in Sec. III). This implies that the frequency

J. Acoust. Soc. Am. 159 (6), June 2026

response in Eq. (22) reaches its asymptotic behaviour within
the audible frequency range [Fig. 1(b)]. Requirements (I) and
(II) above refer to this asymptotic behaviour. For nitrogen
relaxation, we propose to design a zero-pole model that com-
plies with the next additional requirement:

(IV) Attenuation at the relaxation frequency f» =fin
should be equal to the ISO 9613 model such that

2 1
= —ordfn. (23)

odf N —=—5
I T2

Taking into account all four requirements, the pair
(¢2,p2) can be obtained as follows (see Appendix B for a
detailed derivation):

(1) Calculate

A2,ﬁ/2 = 10LM2/20, (24-)
Ag gy = 1029/, (25)
& = cos2nfin/fy), (26)

where f; is the sampling rate of the digital system;
(2) use the previous values to calculate

(A§er - 1) — & (1= Asgy)?
X2 = ;
(1 - Az}ﬁ.N)z - Qyz(/\gﬁN - 1)

@7

(3) from y,, calculate the zero of the system as

c=—nh*\ /51, (28)

choosing the solution yielding |c,| < 1; and
(4) after ¢, is known, calculate the pole as

(=) el
T (L= Aggp) Faa(l=Agypn)

(29)

Figure 1(b) illustrates the fitting between this digital model
and the corresponding term in the ISO 9613 model for one
specific case.

2. Oxygen relaxation losses

Typical relaxation frequencies of oxygen in air are sig-
nificantly higher than those of nitrogen, and they may even
have values beyond the audible band (see results in Sec. III).
Therefore, the asymptotic behaviour of the corresponding
losses is often not reached below f;/2 [Fig. 1(c)].
Consequently, requirement (II) only corresponds sometimes
to the high frequency asymptotic behaviour of oxygen relax-
ation losses. In addition, it may even happen that f.o > f;/2
such that requirement (IV) stated for nitrogen relaxation
losses cannot be applied to oxygen relaxation losses.
Instead, we proposed the following alternative:

Fraile etal. 5557
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(IV) If f,0 <30kHz then the attenuation at f =f.o/3
should be equal to the ISO 9613 model. We call this
reference frequency f3 and its corresponding losses L3,

Io
9 1 .

L3 = o3dfro o = E“3df;~o~ (30)

[rO _|_f2

9 rO
For higher oxygen relaxation frequencies, the reference fre-
quency remains fixed (f; = 10 kHz), and its corresponding
losses L3 are

108

L3 - 0(3(1‘](}0 m .

€2y

Now, the pair (c3,p3) can be obtained as follows (again,
see Appendix B for a detailed derivation):

(1) Calculate

Asfpp = 1042120 (32)
Az = 107717, (33)
&3 = cos(2nf3 /fs); (34)

(2) from the previous values,

(M) -s0-a
X37(1—A3)2—§3(A§—1)’ (35)

(3) then, the zero of the system is

3=\ 5-1, (36)

choosing the solution yielding |c3| < 1; and
(4) after c3,

= (1 —A3_f\_/2) +C3(_1 _A3-f\-/2)
3 (—1—A3fy/2)+C3(1_A3.f.\-/2).

(37

Figure 1(c) illustrates the fitting between this digital model
and the corresponding term in the ISO 9613 model.

C. Adjustment of the multiplicative factor k

The frequency response of the digital model is specified
in Eq. (15). For that model, the value of ¢; was set to zero,
the value of p; can be calculated from Eq. (20), the values
of ¢, and c3 can be calculated using, respectively, Egs. (28)
and (36), and the values of p, and p3 can be derived from
Egs. (29) and (37), respectively. After these are known, the
value of k can be obtained by imposing the condition that
the response for f = 0 equals 0 dB, which is the same as for
the ISO 9613 model [recall Eq. (2)]

5558  J. Acoust. Soc. Am. 159 (6), June 2026
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20 log yo|H;(e?¥/F)|,_y = 0. (38)
Therefore,
20 Io k—i—i:ZOlo 1_C"’— (39)
€10 - €10 1-p
Taking logarithms away and solving for £,
l—py 1-ps3
k=(1-p1)- : . 40
( pl) 1—6‘2 1—6'3 ( )
Ill. MODEL EVALUATION

As reviewed in Sec. I, the ISO 9613 model for absorp-
tion losses in sound transmitted through air estimates such
losses for any frequency depending on four parameters: tem-
perature, pressure, humidity, and distance. To assess the
capability of the proposed digital model to fit ISO 9613
losses, we have evaluated its performance for a set of
1080000 different combinations of values for such parame-
ters, corresponding to the following ranges:

* Temperature T: According to the standard ISO 9613-
1:1993 (ISO, 1993), the ISO 9613 model provides the best
loss estimates for temperatures ranging from —20 °C to
50 °C. Values in this interval were chosen with a resolution
of 2 °C. Thus, 36 different temperatures were simulated;
pressure py: Although the ISO 9613 model provides good
loss estimates for pressures up to 2 atm = 202 650 Pa (ISO,
1993), only realistic values for atmospheric pressure (taken
from Swiss Federal Office for Meteorology and
Climatology, 2025) were simulated. Specifically, pressure
values from 97300Pa to 104 700 Pa with a resolution of
100 Pa were simulated, resulting in 75 possible values;
humidity H: Relative humidity values from 5% to 100%
were simulated with a resolution of 5%, resulting in 20
different values; and

distance d: Source to receiver distances in large audito-
rium halls can reach several tens of meters (Gade, 2007).
Considering this, we have simulated distances from 5m
to 100 m with a resolution of 5m. This resulted in 20 dif-
ferent values.

Therefore, all possible combinations of the abovemen-
tioned values yielded a number of 36 x 75 x 20 x 20
= 1080000 simulation conditions, as mentioned previously.
Each condition was simulated for three different sampling
frequencies f;: 44.1, 48, and 96 kHz, thus, yielding 3 240 000
simulations.

A. Validity of assumptions: Relaxation frequencies
and molar concentration of water vapour

The limits for the validity of the ISO 9613 model are
identified by the standard itself (ISO, 1993). Specifically,
these are stated in terms of the relative accuracy of the
model for pure-tone signals. The simulated values for

Fraile et al.
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Accuracy of ISO 9613 model

100 L 1 50%

S 8of

=

T anll

g 60

3

P =

[0,

Z 40} :

©

& \ {20%
20 . :

NS

20  -10 0 10 20 30 40 50 — 10%
Temperature (°C)

FIG. 2. Worst-case accuracy of the ISO 9613 model as a function of tem-
perature and relative humidity. White area corresponds to 10% relative
accuracy, light gray corresponds to 20%, and dark gray corresponds to
50%.

temperature and pressure are within the ranges yielding the
best accuracy of the model: 10%. Apart from frequency, the
remaining variable affecting accuracy is the molar concen-
tration of water vapour A. This depends on temperature,
pressure, and humidity as specified in Eq. (8), although the
dependence on pressure is weaker than the others at usual
atmospheric conditions.

Figure 2 shows the worst-case accuracy of the ISO 9613
model for all of the simulated pairs of values for temperature
and relative humidity (T and H, respectively). The white area
(10% relative accuracy) corresponds to pairs for which
0.05% < h < 5% for all simulated atmospheric pressures.
The light gray area (20% relative accuracy) corresponds to
combinations for which 0.005% < h for all pressures but
h < 0.05% for some of them. The dark gray area (50% rela-
tive accuracy) corresponds to (T,H) pairs for which
h < 0.005% at least for one simulated value of py. The plot
in Fig. 2 depicts that the relative accuracy of the ISO 9613
model is better than 20% for almost all cases and better than
10% for the majority of cases. We will use these reference
accuracies (10%, 20%, and 50%) to evaluate the fitting
between our proposed digital model and the ISO 9613 model.

The development of our filter model was partially based
on the assumptions that f,n < f;/2, and that this condition
was not true for f.o (Sec. II B). Figure 3 shows the empirical
distributions of the values obtained during simulations for
fin and f0. As for fn, all values are below 2 kHz, hence, the
condition fny < f;/2 always holds. In contrast, the range of
variation for f.o is much larger, reaching values above
22.5kHz in 20% of cases. This implies, on the one hand,
that it cannot be generally assumed that f,x < f;/2 and, on
the other hand, that the third term in Eq. (2) has a range of
variation much larger than the second term. These two rea-
sons justify the different modelling approaches for both
terms described in Sec. II B.

B. Overall model evaluation

For each 1 of the 3240000 simulations mentioned pre-
viously, the frequency-dependent air-absorption losses were
calculated according to the ISO 9613 model and the digital-
filter model introduced herein. These were calculated for 61
frequency values f;, uniformly distributed in logarithmic
scale between 20 Hz and 20 kHz according to the next rule

fi =20 x 101109%  where k=0, ...,60. (41)

For each frequency, we define the error as the deviation
in decibels of the digital-filter model with respect to the ISO
9613 model such that

ex = —a(fi)d — 20 log o[ H(e2¥/F)), (42)

where o(f;) are the absorption losses corresponding to fre-
quency f; in dB/m, as given by Eq. (2); d is the propagation
distance in m; and H(-) is the digital-filter model, as given
in Eq. (14).

The empirical distributions of all e¢; are summarised in
Fig. 4(a). According to the simulation procedure described
previously, 3240000 experimental values have been
obtained for each ¢, and their distributions are summarised
in the plot using their 5th, 10th, 25th, 50th, 75th, 90th, and
95th percentiles. The graph in Fig. 4(a) shows that the model
tends to overestimate the absorption losses for high

FIG. 3. Cumulative distribution func-
tions of the simulated values for f,x (a)
and fo (b).
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FIG. 4. Distributions of model errors ¢ (a) and absolute model errors |ey|
(b) for all frequencies, summarised by means of their percentiles: 5th, 10th,
25th, 50th, 75th, 90th, and 95th.

frequencies. Specifically, beyond 6kHz, the distributions
become skewed toward negative values, as can be observed
by looking at the fifth and tenth percentile lines. The plot
also indicates that for all frequencies up to 10 kHz, the 25th,
50th, and 75th percentiles are almost coincident at values
near 0dB. This means that the modelling error is almost
0dB for at least 50% of simulation conditions. For higher
frequencies, the model overestimates absorption losses in
most cases. Further information about the magnitude of
modelling errors can be obtained by analysing the distribu-
tions of their absolute values |e;|. These are summarised in
Fig. 4(b). The graph shows that although the absolute error
reaches values well over 3dB at high frequencies (over
5kHz) for a number of cases, the modelling error is kept
below 1dB for frequencies up to 11 kHz in 75% of simula-
tion conditions.

Whereas the previous analysis focuses on the depen-
dence of modelling error on frequency, we are also inter-
ested in assessing model performance depending on the
atmospheric variables T, pg, and H and also on distance d
and sampling frequency f;. For that purpose, we use the root
mean square error as an overall indicator of model perfor-
mance, which takes into account the fit over the whole
spectrum,

(43)

The empirical distribution of e, for each simulated temper-
ature is summarised by its quartiles in Table I. The values
show that the digital model provides close agreement with
the ISO 9613 model for temperatures up to approximately
16 °C. The root mean square error is below 1dB for almost
all simulations in that range. From that value upward, the
performance of the model worsens, with the worst perfor-
mance happening between 30 and 36 °C. However, even in
those cases, the value of e, is below 2dB for more that
50% of simulated conditions and below 4.2 dB for at least
75% of simulated conditions. The values in Table II indicate
that the model’s performance is also influenced by relative
humidity, although the effect is less pronounced than in the
case of temperature. In this case, the median of the distribu-
tions for all simulated values of relative humidity are
approximately constant, where values are below 0.4dB in
all cases. As in the case of temperature, the highest model-
ling errors happen for intermediate values of relative humid-
ity (around 65%), but in this case, the 75th percentiles of
emms are always below 2 dB. Last, Table III summarises the
dependence of the distribution of e, on distance. These
values show that the performance of the digital model in
terms of e, degrades as distance grows. However, the deg-
radation of the median e, is very limited, where its value
is below 1 dB for all simulated distances. It is the upper tail
of the distribution that reaches the highest errors, although it
is not limited for very long distances: the 75th percentile of
erms 1S below 1dB for distances up to 40 m and below 2 dB
for distances up to 60 m. Regarding pressure and sampling
frequency, no systematic dependence between the distribu-
tion of e.,s and these variables was observed, therefore, it
can be assumed that the performance of the model is inde-
pendent from pg and f;.

C. Relative error and range of validity

In Sec. III B, we have described the performance of the
herein proposed digital-filter modelling approach based on
the distributions of absolute errors in the frequency
response, which are measured in dB. This analysis has
allowed identifying a dependence between that performance
and the variables temperature 7, relative humidity H, and
distance d. From this observation, we now try to assess for
which values of these variables the digital filters can provide

TABLE L. Distributions of root mean square errors e;, summarised by means of their percentiles 25th, 50th, and 75th, for several temperature intervals.

Temperature (°C)

erms (dB)

Percentiles —-20to —14 —12to -6 —4-2 4-10 12-16 18-22 24-28 30-36 3844 46-50
25th 0.097 0.099 0.102 0.105 0.113 0.139 0.192 0.260 0.2846 0.226
50th 0.216 0.221 0.227 0.240 0.298 0.443 0.848 1.503 1.634 1.321
75th 0.355 0.363 0.372 0.402 0.589 1.825 3.492 4.155 3.904 3.324
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TABLE II. Distributions of root mean square errors e;, summarised by means of their percentiles 25th, 50th, and 75th, for several intervals of relative

humidity.

Relative humidity (%)
erms (dB)
Percentiles 5-10 15-20 25-30 35-40 45-50 55-60 65-70 75-80 85-90 95-100
25th 0.109 0.120 0.128 0.132 0.131 0.130 0.128 0.125 0.122 0.118
50th 0.250 0.293 0.323 0.344 0.358 0.366 0.371 0.375 0.376 0.375
75th 0.420 0.541 0.844 1.338 1.608 1.697 1.706 1.640 1.583 1.501

accuracies with respect to the ISO 9613 model that can be
considered to be acceptable or, in other words, in which con-
ditions the digital model can be considered to be valid.

As observed in Sec. III A, the accuracy of the ISO 9613
model itself is defined in terms of its relative error, and the
standard sets the values of 10%, 20%, and 50% as relevant
thresholds for evaluating model validity. Consistently, we
can define the accuracy of a digital-filter model in terms of
its relative error ¢ for each frequency f; with respect to the
ISO 9613 model such that

€ =

ex

. 44)
o(fi)d ’
From these values, the overall accuracy of the model can be
defined as the highest relative error along the spectrum,

Emax = ml?x €k 45)

However, evaluating a frequency response of a model in
terms of its worst point might be too rigorous. For that rea-
son, we have also used the 95th percentile of ¢ to assess
model performance,

€959 = Pos(€x).- (46)

The analysis procedure has been given as follows. The
values in Table III show that model performance degrades
as distance d grows. We have selected a growing sequence
of four values of d to analyse such performance degradation:
25, 50, 75, and 100 m. For each of these values of d, we
have independently analysed model performance for each
possible combination of values for the pair (T,H), which
are the other two variables with the most relevant impact on
model performance (see Tables II and I). This analysis has
consisted of calculating the digital-filter model for all possi-
ble combinations of py and f; (in all, 225 combinations) for
that (T,H) pair. For each of these, the values of €y, and

€959, defined previously have been calculated, and the high-
est among all combinations of py and f; has been taken as an
indicator of model performance for the given value of the
pair (T,H). Note that this procedure implies selecting the
worst case for describing model performance for each value
of the (d,T,H) tuple. Figure 5 shows the results for €pax,
plotted as maps with coordinates T and H for each one of
the aforementioned values for d. Figure 6 shows the same
results for €y5q;,.

Figure 5 shows that the proposed modelling provides
accuracies of better than 50% for all frequencies and for all
evaluated combinations of po, f;, T, and H if d = 25 m. For
the same distance, there is a set of values for the (T, H) pair
that yields accuracies better than 10% for the whole spec-
trum. This set corresponds to temperatures between 10°C
and 20°C when relative humidity is high, above approxi-
mately 60%, temperatures between 20°C and 30°C with
lower humidities, approximately 50% > H > 25%, and
very dry atmospheres for higher temperatures. The values in
Tables I-III suggest that if this is true for d = 25 m, perfor-
mance is expected to be better for shorter distances. For
increasing values of d, particularly 50, 75, and 100 m, Fig. 5
shows that the model cannot achieve accuracies better that
10% for the whole spectrum, although values better than
50% are still obtained for large sets of temperature-humidity
combinations. As distance grows, the best performance of
the model slightly moves toward lower temperatures and the
model begins to yield larger errors for high temperatures.

Figure 4(b) depicts that the largest model errors occur
at high frequencies, mainly above 10kHz, and errors for
those frequencies may reach significantly larger values than
for the rest of the spectrum. Then, one could reasonably
think that evaluating model performance based on the worst
point of the spectrum may be too pessimistic. For that rea-
son, we have defined a more relaxed criterion for evaluating
model accuracy based on €5¢, as defined previously. The
corresponding results are plotted in Fig. 6. Such plots show
that if model accuracy is defined as the maximum relative

TABLE III. Distributions of root mean square errors e;, summarised by means of their percentiles 25th, 50th, and 75th, for several distance intervals.

Distance (m)

ems (dB)

Percentiles 5-10 15-20 25-30 35-40 45-50 55-60 65-70 75-80 85-90 95-100
25th 0.016 0.044 0.103 0.163 0.222 0.282 0.342 0.404 0.467 0.533
50th 0.025 0.071 0.135 0.200 0.266 0.333 0.404 0.477 0.556 0.641
75th 0.047 0.095 0.231 0.655 1.248 1.949 2.336 3.566 4.445 5.394
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error achieved in 95% of the spectrum, then the model
achieves accuracies equal to 10% for some combinations of
values of temperature and relative humidity for distances up
to 100 m, and accuracies better than 50% are achieved for
the majority of (T, H) pairs even for d = 100 m. A compara-
tive analysis of Figs. 5 and 6 also allows seeing that the con-
ditions for bad model performance are almost the same if
this is defined in terms of €pqx OF €450, . On the (T, H) map,
this corresponds approximately to an area with the shape of
a curved band that begins around 30 °C for high humidity
values and ends around 50 °C for low humidity values. This
band gets wider as distance grows and tends to disappear
below 50 m.

Temperature (°C)

IV. CONCLUSIONS

In this paper, we have introduced an approach for
modelling sound absorption in air using a third-order digital
filter. The proposed method takes the ISO 9613 model as a
reference and relies on a fully analytic modelling procedure,
thereby avoiding computationally expensive optimization
processes. The model takes five parameters as inputs: tem-
perature, atmospheric pressure, relative humidity, distance,
and the sampling frequency of the digital system. Classical
absorption losses are represented first by a one-pole model,
whereas nitrogen and oxygen relaxation losses are each
modelled using zero-pole structures whose parameters are

a) (b) .
( Dlstance 25 m Distance: 50 m
100 100 100 . 100
g 80 80 g 80 80
z z
] 60 T 60
E 60 E 60
£ 0 = " FIG. 6. Model accuracy evaluated as
£ 40 £ 40 the maximum relative error between
S - 2 5 the digital-filtler and the ISO 9613
20 20 models. Each point in the maps corre-
0 0 sponds to a (T, H) pair, and its value
20 10 0 50 -20 has been obtained by generating the
Temperature (°C) Temperature (°C) digital-filter models for that (T, H) pair
() Distanca: (d) Dlstance 100 m and all simulated (po, f;) pairs, evaluat-
100 TT 100 100 y 100 ing the 95th percentile of the relative
\ 2 °\ 2 error €;(€ysq,) for each model and
s 80 80 < 8of 80 keeping the greatest ¢ysq, among all
> \ > (po,fs) pairs. Each map corresponds to
2 60 ] 60 2 eor 60 a different distance: 25 m (a), 50 m (b),
2 \ \ \ > 2 75m (¢), and 100 m (d).
T 2% ; 40 2 4l 40
kS i kS|
& 20 2 20
20 % 201

Temperature (°C)

5562  J. Acoust. Soc. Am. 159 (6), June 2026

Temperature (°C)

Fraile et al.

ST :82:50 9202 AInc 20



analytically derived. A multiplicative gain is then applied to
complete the model formulation.

This procedure produces third-order digital filters that
are minimum-phase. The low order of the resulting filters
has the advantage of allowing simulating sound absorption
in air at a low computational cost. Additionally, the fact that
the filters are minimum-phase makes it possible to obtain
inverse filters that are stable. This makes this modelling
approach useful also for removing the effect of sound
absorption from measured signals.

The accuracy of the fit between the frequency responses
of these digital-filter models and the reference ISO 9613
model has been evaluated for more than 1000 000 combina-
tions of atmospheric conditions (defined by temperature,
pressure, and relative humidity) and distances and for three
different sampling frequencies. This accuracy has shown to
be independent of pressure and sampling frequency,
although fairly dependent on the other three factors, most
prominently on distance. Yet, the proposed modelling
approach achieves accuracies better than 50% for all ana-
lysed frequencies and distances up to 25-40m, indepen-
dently of the values of temperature and humidity. For longer
distances, the model performance degrades, although accu-
racies better than 50% for at least 95% of the spectrum are
achieved for most temperature-humidity pairs for distances
up to 100m. If improved performance is required under
these conditions, it can be achieved by employing higher-
order filters.
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APPENDIX A
Given a one-pole model

1

H(z) :1_7[?2_1,

(AD)

the question approached here is how to calculate p so that
the system is low pass and its gain in decibels for a certain
frequency f1 equals —L with respect to f = 0 Hz. This condi-
tion can be expressed as

J. Acoust. Soc. Am. 159 (6), June 2026

20 log ,o|H(e®)| — 20 log ,o|H(&?"/5)| = L. (A2)

As the system is one-pole,

1

20 log 1 — peI2ue/;

=L. (A3)

’ —20log

I-p
Calculating both moduli and taking out the logarithms,

1 —2p cos <27‘EJ%) + p?
d = 1041, A4
1=2p+p? (A4)

This is a second-order equation with standard form

fL) L/10
cos( 2n=) — 10/
G

2 s _
p-—2p TZ 10010 +1=0, (AS)
whose solutions are
coS (2nf£) — 104710
_ s
P= 1 — 10%/10
2
cos <2n}%> — 104/10
+ il -
+ 10010 1. (A6)

If the system is to be stable, then the solution that satis-
fies |p| < 1 should be chosen.

APPENDIX B

The challenge approached here is finding a first-order
discrete-time system with transfer function equal to

1—cz!

H(z) (B1)

)

1 —pz!
such that its frequency response is as similar as possible to

f2

H(f)[dB] = —Loom,

(B2)
where L., > 0 is a constant, and f; is the frequency for
which the response equals —L., /2. Note that H(f) is a low-
pass system such that

mjgx H(f)=0, arg mlgx H(f)=0,

min H(f) = L., arg min H{(f) = oc ®

Further, we require that the discrete-time is minimum-
phase and stable, which implies |p| < 1 and |c¢| < 1, and the
system response in time domain is real, which implies that p
and c are also real. Similar to Eq. (16), the modulus of the
frequency response of H(z) can be written in decibels for
0<f<fs/2as
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20 log 1o |H(e?¥/%))]

1 —2c¢ cos (271]];) +c?

N

=10 log (B4)

1 —2p cos <2nj£) +p?

N

In the search for similarity between both systems, we
impose the following constraints to the digital system H(z):

(1) It should be low pass, as H(f) in Eq. (B3). Therefore,

H(f :g) ‘ (B5)

As the logarithm function is monotonically growing,
from Eq. (B4), this constraint results in

20 log 1| H(f = 0)| > 20 log

14+2c+c? (1-¢) (1+¢)?
2 7> 3
L+2p+p>  (1-p)° (1+p)
(B6)

1 —2c¢+c?
1—2p+p?

Because the digital system sought is stable and
minimum-phase, |[p| < 1 and |c| < 1. This implies that
1*p and 1=*c are always positive. Consequently, the
previous expression can be simplified by taking the
square root

1—c>1—|—c
1-p 1+p

; B7)

which results in the requirement that p > c;
(2) the attenuation at the highest frequency covered by the
digital system (f =f;/2) should be the same for both

systems. From Eq. (B3),
fs>
(s =%

y
Lo =L (B8)

Is
(&)

20 log 14| H(f = 0)| — 20 log

Thus,
1=2c+c? 142c+c?
101og I=2ctc —101og LIHlete
1-2p+p? 1+2p+p?
Ly (89)

Similarly, as before, considering that |p| <1 and
|c] < 1, this expression can be simplified as

1-c 1+c¢

Taking the logarithms away,
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l—cl+p

—_— = BI1

l—pltc 7% (BI1)
with I, = 10%2/20 Expanding and solving for p
results in

l—c+p—wp=1Ipl+c—p—cp), (B12)

L=l p)+c(-1-1
po U=hp) Fe(=1=hp) ®13)

(—1 - lfs/z) + C(l - lfx/z) '

Equation (B13) gives the relation that must hold
between p and c¢ for the digital system to be low pass
with attenuation at f = f;/2 equal to Ly, , dB; and

(3) the last requirement for the digital system is that
attenuation at an arbitrary frequency f; < f;/2 should
also be the same as that for the continuous-time sys-
tem H(f) such that

20 log o|H(f = 0)] =20 log o|H(f =fo)| =L, (B14)

where

A

L:—H(fL):LOOfL2+ﬁ.

(B15)

Considering Eq. (B4), the previous condition results in

—-C

1
20 log (1 ) — 10 log

1 —2¢ cos (271]2) +¢?
f L

JS

1 —2p cos <2nj%) +p?

S

X

(B16)

where it has been considered again that the system is
stable and minimum-phase, thus, 1*p and 1=*c are
always positive. Taking the logarithms away and defin-
ing & = cos(2nfL,/f;), this third constraint results in

1—c\?1-2p¢+p?
= 10410 = . B17
(1—[9) 1 —2c¢é+ 2 (B17)

Using Eq. (B13), the denominator in the first factor can be
written as

(1=bp) +e(=1-kp)

l—-p=1-
b (=1 =lip) + (1 =)
1—-c¢
=2 . B18
(—1 - lf‘_/z) +C<1 - lf‘_/z) ( )
Therefore
1-c\* 1 2

(155) =3 (1=ha) +ei-pp) @19

Again considering Eq. (B13), the numerator in the second
factor of Eq. (B17) can be decomposed in the following two
terms
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(1=kp) +e(=1-kp)

l+p* =1+

2 2
B 2(1 t %/2) * 46(%/2 B

(=1 =lgp) +c(I=1;p)

)

C((F= k) + (1=l
2C2 (1 + l[%/Z)

)’

((T=l) +e(l=1rp2))”

2pé =2¢ (1 ~ 1].\-/2) + C(—l - lfs/Z)

(—1 - lf\/z) +C(1 - lf\/z)
y (—1 —lﬁ/z) +C(1 —lﬁ/z)
(=1=lip) +e(l=1;p)

(Ba=1) +2e(1+2))

(14 b2) +e(=1+1p))°

+c? (l]%\_/2 - 1)

(141 0) +c(-1+ 1 0))*

Putting the last three equations together,

(1 _c>2(1 —2p&+p?)

1-p
1

2

(B20)

(B21)

-3 ((1 +1i/2) +2¢(1f{/2 - 1) +c2(1 +l§/z)

(8 ,-1) +2¢¢(1 +1§/2) +c25<1j%\_/2— 1))

Thus, Eq. (B17) can be rewritten as

(148) +2¢(Bp=1) +3(1+))

—5(12/2—1) —2c5(1+1§/2) —c%(zjﬁ/z— 1)

=21(1-2¢&+¢?),

which is a quadratic equation with standard form

2 z( 12
i zﬂ/z—l—g(zﬂ/z—21+1>
202 >
gﬂ/2—21+1—§(zﬂ/z—1>
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+1=0.

(B22)

(B23)

(B24)

Deﬁrzling y = [lfzx/z_ 1 —i(lz/z—ﬂfr 1)]/[12/2—21
+1—=&(I7 , = 1)], the zero of the discrete-time system can
be calculated as

=2yE\/42 -4
_EVAZ A L (B25)

¢ 2

The solution with |c| < 1 should be chosen such that the
system is minimum-phase.
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