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Abstract
We study the central All-Pairs Shortest Paths (APSP) problem under

the restriction that there are at most 𝑑 distinct weights on the

outgoing edges from every node. For 𝑑 = 𝑛 this is the classical

(unrestricted) APSP problem that is hypothesized to require cubic

time 𝑛3−𝑜 (1) , and at the other extreme, for 𝑑 = 1, it is equivalent to

the Node-Weighted APSP problem. We present new algorithms that

achieve the following results:

Node-Weighted APSP can be solved in 𝑂̃ (𝑛 (3+𝜔 )/2) = 𝑂̃ (𝑛2.686)
time, improving on the 15-year-old subcubic bounds 𝑂̃ (𝑛 (9+𝜔 )/4) =
𝑂̃ (𝑛2.843) [Chan; STOC ’07] and 𝑂̃ (𝑛2.830) [Yuster; SODA ’09]. This

positively resolves the question of whether Node-Weighted APSP

is an “intermediate” problem in the sense of having complexity

𝑛2.5+𝑜 (1) if 𝜔 = 2, in which case it also matches an 𝑛2.5−𝑜 (1) condi-
tional lower bound.

For up to 𝑑 ≤ 𝑛3−𝜔−𝜖
distinct weights per node (where 𝜖 > 0),

the problem can be solved in subcubic time 𝑂 (𝑛3−𝑓 (𝜖 ) ) (where
𝑓 (𝜖) > 0). In particular, assuming that 𝜔 = 2, we can tolerate any

sublinear number of distinct weights per node 𝑑 ≤ 𝑛1−𝜖 , whereas
previous work [Yuster; SODA ’09] could only handle 𝑑 ≤ 𝑛1/2−𝜖

in subcubic time. This promotes our understanding of the APSP

hypothesis showing that the hardest instances must exhaust a linear

number of weights per node. With the current bounds on 𝜔 , we

achieve a subcubic algorithm for 𝑑 ≤ 𝑛0.628 whereas previously a
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subcubic running time could only be achieved for 𝑑 ≤ 𝑛0.384. Our
result also applies to the All-Pairs Exact Triangle problem, thus

generalizing a result of Chan and Lewenstein on “Clustered 3SUM”

from arrays to matrices. Notably, our technique constitutes a rare

application of additive combinatorics in graph algorithms.

We complement our algorithmic results with simple hardness

reductions extending the 𝑛2.5−𝑜 (1) conditional lower bound for

Node-Weighted APSP to undirected graphs. Interestingly, under
fine-grained assumptions, the complexity in the undirected case

jumps from 𝑂 (𝑛𝜔 ) for 𝑑 = 1 to 𝑛2.5−𝑜 (1) for 𝑑 ≥ 2.
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1 Introduction
The classical All-Pairs Shortest-Paths problem (APSP) asks to com-

pute the distance between all

(𝑛
2

)
pairs of nodes in an 𝑛-node graph

with integer edge weights. In this paper, we investigate its time

complexity under the natural restriction that there are few distinct

weights on the edges touching each node. (For simplicity of exposi-

tion, we have chosen to present the problem on directed graphs. We

remark that the open questions and our results apply to the undi-

rected setting as well. In Section 1.2, we discuss some interesting

distinctions between the two cases.)

Definition 1.1 (𝑑-Weights APSP). Given a directed edge-weighted1

graph 𝐺 = (𝑉 , 𝐸) such that for all nodes 𝑣 ∈ 𝑉 there are at most

𝑑 distinct weights on its outgoing edges (i.e., |{𝑤 (𝑣,𝑢) : (𝑣,𝑢) ∈
𝐸}| ≤ 𝑑), compute the distances between all pairs of nodes 𝑢, 𝑣 ∈ 𝑉 .

1
Here and throughout we assume that all edge weights are integers in the range

{−𝑀, . . . , 𝑀 } where 𝑀 = 𝑛𝑐 for some constant 𝑐 . In fact, all results in this paper

also work when𝑀 is a polylog(𝑛)-bit integer.
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Note that when 𝑑 = 𝑛 the restriction is trivial and we get the

unrestricted APSP problem; our interest is in the regime 1 ≤ 𝑑 ≪ 𝑛.

The first motivation for studying this problem stems fromAPSP’s

role as a central problem in algorithmic research. It is natural to

expect the graphs that arise in APSP’s countless applications to

often use a limited number of weights. In fact, at the extreme where

𝑑 = 1, we get the fundamental Node-Weighted APSP problem—if all

edges leaving a node have the same weight, then it is effectively a

node weight.

The second motivation stems from APSP’s role in fine-grained

complexity, where its hypothesized hardness serves as one of the

foundational pillars: The hypothesis that APSP requires 𝑛3−𝑜 (1)

time
2
has been used to classify the complexity of dozens of prob-

lems on graphs, matrices, formal languages, machine learning, and

beyond (e.g. [1, 3, 7, 9, 14, 32, 39]). To promote our understanding of

the hypothesis and our confidence in its corollaries, it is important

to investigate on which instances APSP is hard.

Previous Work and Main Questions. The first subcubic time algo-

rithm for Node-Weighted APSP (the case 𝑑 = 1) was given by Chan

[12]; the precise running time is 𝑂̃ (𝑛 (9+𝜔 )/4) which is 𝑂̃ (𝑛2.75) if
𝜔 = 2. Here, 𝜔 < 2.371339 is the fast matrix multiplication expo-

nent [5]. Shortly after, Yuster [42] obtained an improved algorithm

which with the current bounds on rectangular matrix multiplication

runs in 𝑂 (𝑛2.830) time, but still runs in 𝑂̃ (𝑛2.75) time if 𝜔 = 2.

In the same paper, Yuster also defined the 𝑑-Weights APSP prob-

lem for general 𝑑 and gave an algorithm that, when 𝜔 = 2, solves

the problem in 𝑂̃ (
√
𝑑𝑛2.75) time. If 𝜔 > 2 the running time is more

involved, as it uses a different rectangular matrix multiplication

exponent for each 𝑑3. Yuster’s running time is subcubic as long

as 𝑑 = 𝑛1/2−𝜖 for some constant 𝜖 > 0 if 𝜔 = 2, and as long as

𝑑 ≤ 𝑛0.341 for the current bounds on rectangular matrix multiplica-

tion.

Meanwhile, on the hardness side, we know that essentially cubic

time is required under the APSP hypothesis when 𝑑 = 𝑛. Moreover,

for all 𝑑 ≥ 1 𝑑-Weights APSP is at least as hard as the unweighted
directed APSP problem which is conjectured to require 𝑛2.5−𝑜 (1)

time; this is known as the u-dir-APSP Hypothesis [14, 15].
This state of affairs (plotted in blue in Figure 1) leaves a large

polynomial gap for all sublinear 𝑑 . While at the conceptual level it

delivers the message that 𝑑-Weights APSP tends to become easier

as 𝑑 decreases, it does so only loosely. To see this, let us highlight

what are perhaps the two most important open questions.

For this discussion, let us assume that 𝜔 = 2. Two reasons justify

this: first, it lets us simplify and sharpen the story when comparing

running time bounds, and second, this is a working assumption

in much of fine-grained complexity in the sense that the central

hypotheses and their consequences are expected to remain valid

even if 𝜔 becomes 2. When presenting our results in Section 1.1,

we will specify the bounds under the current 𝜔 as well.

2
All algorithms and hardness hypotheses are assumed to be in the word-RAM model

of computation with𝑂 (log𝑛)-bit words.
3
The running time is 𝑂̃ (𝑛3−(𝛾−𝜌 )/2 ) where 𝑑 = 𝑛𝜌 and for 𝛾 defined as the solution

of𝜔 (1+ 𝜌, 1, 1+𝛾 ) = 3+ 𝜌 −𝛾 and 𝜌 < 𝜇 for𝜔 (1+ 𝜇, 1, 1+ 𝜇 ) = 3. Here𝜔 (𝑎,𝑏, 𝑐 )
is the exponent of 𝑛𝑎 × 𝑛𝑏 by 𝑛𝑏 × 𝑛𝑐 matrix multiplication.

The first obvious open question is closing the gap for the 𝑑 = 1

case between the 𝑂̃ (𝑛2.75) upper bound and the 𝑛2.5−𝑜 (1) condi-
tional lower bound. Once a cubic time bound is broken, the typical

next question is whether the complexity can be reduced to 𝑛2. How-

ever, it is common for progress to stop at 𝑛2.5, and recent work [30]

has coined the term “intermediate problems” for this class (while

also giving conditional lower bounds showing that 𝑛2.5 is a barrier).

Given that an 𝑛2.5−𝑜 (1) lower bound already exists for Node-

Weighted APSP (under the u-dir-APSP hypothesis), the question

becomes whether it is in this intermediate class or whether it is a

“subcubic but not intermediate” problem.

Open Question 1.2. Is Node-Weighted APSP an “intermediate
problem”? I.e. can it be solved in 𝑛2.5+𝑜 (1) time if 𝜔 = 2?

The class of intermediate problems already contains a host of

important problems on graphs (e.g. All-Pairs Bottleneck-Paths, All-

Pairs Earliest-Arrivals) [20, 21, 36], matrices (e.g. Equality and Domi-

nance Product, Min-Witness Product, Min-Plus Product in bounded-

difference or monotone matrices) [18, 22, 29, 31], and sequences

(e.g. RNA Folding and Dyck Edit Distance) [10, 18]. In many of

these cases, the 𝑛2.5 bound was achieved a few years after the cu-

bic bound was broken. Thus, it is remarkable that the 𝑛2.75 bound

for Node-Weighted APSP has remained unbeaten for 15 years. In

fact, while the time hierarchy theorem gives the existence of (ar-

tificial) problems with complexity between 𝑛2.5 and 𝑛3, and while

there are more natural graph problems with such complexity under

fine-grained assumptions [4], we are aware of only very few other

well-studied problems which have been shown to be in truly subcu-

bic time but whose running time has not been made intermediate.

(In fact, only one other example related to shortest paths comes to

mind, [16, 40].).

Needless to say, understanding the node-weighted case has been

a primary concern for many other basic graph problems such as

triangle detection [19, 35] and minimum cut [2, 26, 27].

The second open question is whether the hard instances for the

APSP conjecture could have a sublinear number of distinct (edge)

weights touching every node, i.e. whether the 𝑑 = 𝑛1−𝜖 case is

in truly subcubic time. The running time of Yuster’s algorithm

becomes cubic already when 𝑑 =
√
𝑛. A priori, it may very well be

that this case is APSP-hard; e.g. perhaps we can take an arbitrary

instance of APSP and “sparsify” or compress the weights so that

only

√
𝑛 weights are used in each neighborhood.

OpenQuestion 1.3. Can APSP be solved in truly subcubic time
𝑂 (𝑛3−𝛿 ) if there is only a sublinear 𝑑 = 𝑛1−𝜖 number of distinct edge
weights per node (and 𝜔 = 2)?

This question is part of the general quest towards either refut-

ing the APSP hypothesis or gaining a deeper understanding of

the instances that make the problem hard. This quest is particu-

larly important for APSP because, unlike the other two central

hypotheses in the field (3SUM and OV), where a natural, simple

distribution appears to give hard instances, this is not the case for

APSP. Perhaps the first question that comes to mind is whether the

weights in the hard instance could be small, i.e. if all edge-weights

are in a set {−𝑀, . . . , 𝑀} where𝑀 is small. Thanks to now classical

algorithms that, if 𝜔 = 2, run in time 𝑀 · 𝑛2+𝑜 (1) for undirected
graphs [6, 34] and time

√
𝑀 · 𝑛2.5+𝑜 (1) for directed graphs [43], we

1957



All-Pairs Shortest Paths with Few Weights per Node STOC ’25, June 23–27, 2025, Prague, Czechia

𝑑 = 1 𝑛0.384 𝑛0.628 𝑑 = 𝑛

𝑛2.5

𝑛2.667

𝑛2.830

𝑛3

Time

𝑑 = 1 𝑑 = 𝑛0.5 𝑑 = 𝑛

𝑛2.5

𝑛2.75

𝑛3

Time Chan [12]

Yuster [42]

Theorem 1.5

Theorem 1.6

Figure 1. Plots the time complexity of the 𝒅-Weights APSP problem. In the left diagram we have used the state-of-the-art
bounds on fast matrix multiplication [5]; in the right diagram we assume 𝝎 = 2. The hatched region illustrates the interesting
region between the trivial 𝑶 (𝒏3) upper bound and the 𝒅0.5𝒏2.5−𝒐 (1) conditional lower bound (Theorem 1.8). Also note that the
red line depicting our Theorem 1.6 is only conceptual in that it guarantees a subcubic running time 𝑶 (𝒏3−𝝐 ) for some small
non-explicit constant 𝝐 > 0.

know that 𝑀 cannot be sublinear in the hard cases. (In fact, the

“Strong APSP Hypothesis” [15] speculates that there are hard in-

stances with𝑀 = Θ(𝑛).) Next, one may ask if, in the hard instances,

the weights could come from a smaller set while still being large in

value, and this is exactly Open Question 1.3.

1.1 Our Results
In this paper, we advance our understanding of the complexity of

the 𝑑-Weights APSP problem by positively resolving Open Ques-

tions 1.2 and 1.3.

Our first result is a faster algorithm for Node-Weighted APSP,

proving its containment in the class of “intermediate” problems.

Theorem 1.4 (Node-Weighted APSP). There is a deterministic
algorithm for Node-Weighted APSP running in time 𝑂̃ (𝑛 (3+𝜔 )/2) =
𝑂̃ (𝑛2.686). In fact, using rectangular fast matrix multiplication this
can be improved to 𝑂̃ (𝑛2.667).4

Note that the first bound in the statement, namely 𝑛 (3+𝜔 )/2
, is

already 𝑛2.5 when 𝜔 = 2 and is therefore sufficient for resolving

Open Question 1.2. However, the next-order question after estab-

lishing that a problem is intermediate is whether we can get closer

to the 𝑛2.5 bound with current techniques; typically, such improve-

ments involve fast rectangular matrix multiplication. Interestingly,

for some intermediate problems such as unweighted directed APSP

(𝑂 (𝑛2.528) by [43]), Min-Witness Product (𝑂 (𝑛2.528) by [29]) and

Dominance Product (𝑂 (𝑛2.659) by [42]) this has been done, while

others such as Bounded Monotone Min-Plus Product [18] are still

stuck at the𝑛 (3+𝜔 )/2 = 𝑛2.686 bound. The second bound in the state-
ment, while giving a small quantitative improvement, qualitatively

shows that Node-Weighted APSP is among the easier problems

4
More precisely, our running time is 𝑂̃ (𝑛3−3𝛾 ) where𝛾 is the solution to the equation

3 − 4𝛾 = 𝜔 (1 + 2𝛾, 1, 1) .

in the intermediate class. It remains to be seen whether further

improvements, say to 𝑂 (𝑛2.528) are possible.
As we discuss in the technical overview (Section 3), the new al-

gorithm for Node-Weighted APSP only uses elementary techniques.

It generalizes in a straightforward way to get a new bound for

𝑑-Weights APSP.

Theorem 1.5. There is a deterministic algorithm for 𝑑-weights
APSP running in time 𝑂̃ (𝑑 · 𝑛 (3+𝜔 )/2).5

Notably, while this bound improves on previous work for a range

of values of 𝑑 , it still does not make any real progress towards

resolving Open Question 1.3: if 𝜔 = 2, our 𝑑 · 𝑛2.5 running time

becomes cubic when the number of distinct weights is 𝑑 ≥
√
𝑛

which is exactly the same barrier reached by Yuster’s algorithm.

Our next theorem, which is the main technical achievement of

this paper, uses additive combinatorics machinery in order to push

the threshold all the way to 𝑑 = 𝑛1−𝜖 , if 𝜔 = 2, positively resolving

Open Question 1.3. Consequently, the hard instances of APSP must

have 𝑑 = 𝑛1−𝑜 (1) . In other words, if we could find a method to

reduce the number of distinct weights per node by a polynomial

factor we would effectively refute the APSP hypothesis.

Theorem 1.6 (Few-Weights APSP). For every 𝛿 > 0, there is
some 𝜖 > 0 such that 𝑛 (3−𝜔 )−𝛿 -weights APSP can be solved in
time 𝑂 (𝑛3−𝜖 ) by a deterministic algorithm.

With current values of 𝜔 ≤ 2.371339 [5], our results push the

capabilities of subcubic time algorithms from Yuster’s 𝑑 ≤ 𝑛0.384

[42] to 𝑑 ≤ 𝑛0.628. However, the quantitative improvement in our

running time, which is hidden by the dependence of 𝛿 on 𝜖 in the

5
In fact, using rectangular matrix multiplication the running time can be improved to

time 𝑂̃ (𝑛3−3𝛾 ) whenever𝑑 = Θ(𝑛𝛿 ) for some 0 ≤ 𝛿 ≤ 1 and where𝛾 is the solution

to the equation 3 − 4𝛾 = 𝜔 (1 + 𝛿 + 2𝛾, 1, 1 + 𝛿 ) .

1958
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statement, is rather modest, as is common when using the Balog–

Szemerédi–Gowers (BSG) Theorem. Whether our techniques can

be substituted by elementary ones, as has been done in some of the

other applications of the BSG Theorem in algorithm design [10, 18,

28], is an interesting open question.

Exact Triangle. Our work is inspired by the seminal work of

Chan and Lewenstein from STOC 2015 [13] introducing the BSG

Theorem into algorithm design. The applications in their paper re-

volved around the 3SUM
6
and the Min-Plus Convolution

7
problems,

both conjectured to require quadratic time. There are three main

results in their paper, each achieving truly subquadratic time in a

restricted setting: (1) Min-Plus Convolution assuming that the input

arrays consist of monotone integers bounded by 𝑂 (𝑛) (or have the
“bounded difference” property), (2) 3SUM under the assumption

that we have quadratic time to preprocess the universe of numbers,

and (3) 3SUM under the assumption that the numbers can be clus-

tered into a sublinear number of short intervals. Notably, follow-up

work has managed to (in a sense) generalize the first two results

to the setting of matrices or graphs, solving variants of Min-Plus

Matrix Multiplication
8
and the Exact Triangle

9
problem, but not

the third, which may be considered the most complicated result in

the original paper. The first generalization was accomplished by

Bringmann, Grandoni, Saha, and Vassilevska Williams [11] (and

improved in [17, 18, 22, 41]), and the second by Chan, Vassilevska

Williams, and Xu [15].

The next theorem presents a subcubic time algorithm for the

Exact Triangle problem in graphs with few weights per node. Note

that in the unrestricted setting, Exact Triangle is a harder problem

than both APSP and 3SUM in the sense that a subcubic time al-

gorithm for it breaks the two hypotheses [37–39]. This result can

informally be viewed as a generalization of Chan and Lewenstein’s

third result on Clustered 3SUM from arrays to matrices or graphs.
10

Theorem 1.7 (Few-Weights Exact Triangle). For every 𝛿 > 0

there is some 𝜖 > 0 such that 𝑛 (3−𝜔 )−𝛿 -weights All-Edges Exact
Triangle can be solved in time 𝑂 (𝑛3−𝜖 ).

Note that this theorem resolves Open Question 1.3 for Exact

Triangle as well. Interestingly, Open Question 1.2 is not relevant

for Exact-Triangle because the node-weighted case has long been

known to be just as easy as the unweighted setting [38] and can be

solved in 𝑛𝜔+𝑜 (1) time.

1.2 Hardness and Reductions
While the above presentation focused on the directed case, it is

important to note that this work resolves OpenQuestions 1.2 and 1.3

6
Given 𝑛 numbers, decide if there are three that sum to zero.

7
Given arrays 𝑎,𝑏 of length 𝑛, compute the array 𝑐 [𝑖 ] = min𝑘 𝑎[𝑘 ] + 𝑏 [𝑖 − 𝑘 ].

8
Given 𝑛 × 𝑛 matrices𝐴, 𝐵, compute the matrix𝐶 [𝑖, 𝑗 ] = min𝑘 𝐴[𝑖, 𝑘 ] + 𝐵 [𝑘, 𝑗 ].

9
Given 𝑛 × 𝑛 matrices𝐴, 𝐵,𝐶 , decide if there are 𝑖, 𝑘, 𝑗 such that𝐴[𝑖, 𝑘 ] + 𝐵 [𝑘, 𝑗 ] =
𝐶 [𝑖, 𝑗 ] (an exact triangle). In the All-Edges Exact Triangle the task is to report for each

pair (𝑖, 𝑗 ) if is involved in an exact triangle.

10
Our Few-Weights Exact Triangle problem can be viewed as an analogue of the Few-

Weights 3SUM Convolution problem defined as follows: given three length-𝑛 arrays

𝑎,𝑏, 𝑐 where the number of distinct weights in 𝑎 is at most 𝑛1−𝛿 , find a pair of indices
𝑖, 𝑗 such that 𝑐 [𝑖+ 𝑗 ] = 𝑎[𝑖 ]+𝑏 [ 𝑗 ]. Consider the standard reduction from this problem

to the 3SUM problem by mapping each 𝑎[𝑖 ] to the number𝑀 · 𝑎[𝑖 ] + 𝑖 for a large
enough𝑀 (and mapping 𝑏 [ 𝑗 ], 𝑐 [𝑘 ] similarly): note that the numbers𝑀 · 𝑎[𝑖 ] + 𝑖
can be clustered into 𝑛1−𝛿 intervals [𝑀 · 𝑎∗ + 1, 𝑀 · 𝑎∗ + 𝑛] of length 𝑛, so this is a

Clustered 3SUM instance which is solved by [13] in 𝑂̃ (𝑛2−𝛿/7 ) time.

in the (easier) undirected case as well. However, in the undirected

case, it is not clear from prior work that 𝑛2.5−𝑜 (1) is a lower bound
since that barrier was derived from a lower bound for directed
APSP in unweighted graphs [14] (see the discussion in the full

paper). In fact, the 𝑑 = 1 case in undirected graphs (where there is

only one distinct weight touching each node) no longer coincides

with the (undirected) node-weighted problem, and is essentially

the unweighted case which can be solved in 𝑂 (𝑛𝜔 ) time [6, 33].

By a simple reduction inspired by the lower bound for directed

unweighted APSP [14] we are able to show that 𝑛2.5 is indeed a

barrier in undirected graphs both for Node-Weighted APSP and for

the 𝑑 = 2 case of 𝑑-Weights APSP. The latter result may sound a

bit bizarre since: (1) it shows a jump in complexity from 𝑑 = 1 to

𝑑 = 2, and (2) the Min-Plus Matrix Multiplication problem (which

is APSP-equivalent in the unrestricted setting) has an 𝑂 (𝑛𝜔 ) time

algorithm if there are 𝑑 = 𝑛𝑜 (1) distinct values per row.

Theorem 1.8. Under the Bounded Min-Plus Hypothesis, for every
𝑑 = 𝑛𝛾 ≥ 2 with 𝛾 ∈ [0, 1], APSP in (directed or undirected) graphs
with at most 𝑑 distinct weights and hence also 𝑑-weights APSP require√
𝑑𝑛2.5−𝑜 (1) time in the word-RAM model. Under the u-dir APSP

Hypothesis, the Node-Weighted APSP problem in undirected graphs
requires 𝑛2.5−𝑜 (1) time.

The hypothesis in the statement is a variant of the Strong APSP

Hypothesis and is discussed, along with the proof of Theorem 1.8,

in the full version of this paper.

Note that the conditional lower bound grows to 𝑛2.5+𝛿 if the

number of distinct weights grows to𝑛𝜖 . This rules out the possibility

of an 𝑛2.5 algorithm for all sublinear 𝑑 .

Finally, we build on the techniques in our 𝑑-Weight APSP algo-

rithm (Theorem 1.6) in order to show a reduction from a variant

of 𝑑-Weight APSP to Node-Weighted APSP. While being quite in-

volved, this reduction does not use the BSG Theorem, and one

may view it as vague evidence that further improvements to Node-

Weighted APSP (getting closer to the 𝑛2.5 bound when 𝜔 > 2)

may come from incorporating our additive combinatorics machin-

ery. A natural upper bound to aim for is the 𝑂 (𝑛2+𝜇 ) = 𝑂 (𝑛2.528)
bound achieved by Zwick’s algorithm [43] for unweighted directed

APSP.
11

2 Preliminaries
We set [𝑛] = {1, . . . , 𝑛} and write poly(𝑛) = 𝑛𝑂 (1)

and 𝑂̃ (𝑛) =

𝑛(log𝑛)𝑂 (1)
.

All-Pairs Shortest Paths. Let 𝐺 = (𝑉 , 𝐸) be a directed graph with

node weights or edge weights, and consider a path 𝑃 = (𝑣0, . . . , 𝑣ℓ )
in 𝐺 . We say that 𝑃 has hop-length ℓ . If 𝐺 is node-weighted with

weights 𝑤 : 𝑉 → Z, then we define the weight of 𝑃 by 𝑤 (𝑃) =

𝑤 (𝑣1) + · · · +𝑤 (𝑣ℓ ) (i.e., we exclude the first vertex in the weight;

this ensures that when concatenating two paths their weights add

up). If 𝐺 is edge-weighted, then we define𝑤 (𝑃) in the usual way.

We write 𝐷𝐺 ∈ (Z ∪ {−∞,∞})𝑉 ×𝑉
for the distance matrix of 𝐺 ,

i.e., 𝐷𝐺 [𝑢, 𝑣] is the length of a shortest 𝑢-𝑣-path. The entry is ∞
if 𝑣 cannot be reached from 𝑢 and the entry is −∞ in the excep-

tional case that there is a 𝑢-𝑣-path hitting a negative-weight cycle.

11
Here, 0.5 ≤ 𝜇 ≤ 0.527500 [5] is the solution to the equation 1 + 2𝜇 = 𝜔 (1, 𝜇, 1) .
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Similarly, let 𝐷≤ℎ
𝐺

∈ (Z ∪ {∞})𝑉 ×𝑉
denote the ℎ-hop bounded dis-

tances, i.e., 𝐷≤ℎ
𝐺

[𝑢, 𝑣] is the length of a shortest ℎ-hop-bounded

𝑢-𝑣-path. We drop the subscript whenever 𝐺 is clear from context.

The Node-Weighted APSP problem is to compute 𝐷𝐺 given a di-

rected node-weighted graph 𝐺 . The 𝑑-Weights APSP problem is

to compute 𝐷𝐺 given a directed edge-weighted graph 𝐺 with the

promise that each node has outgoing edges of at most 𝑑 distinct

weights.
12

Throughout, for all APSP and matrix problems we as-

sume that all involved weights are polynomially bounded (i.e., in

the range {−𝑛𝑐 , . . . , 𝑛𝑐 } for some constant 𝑐).

Matrices and Min-Plus Product. We use MM(𝑛1, 𝑛2, 𝑛3) to denote
the time complexity for multiplying two integer matrices of dimen-

sions 𝑛1×𝑛2 and 𝑛2×𝑛3 respectively. We also let 2 ≤ 𝜔 ≤ 2.371339

denote the exponent of matrix multiplication [5], i.e., we assume

that MM(𝑛, 𝑛, 𝑛) = 𝑂 (𝑛𝜔 ) and MM(𝑛𝑎, 𝑛𝑏 , 𝑛𝑐 ) = 𝑂 (𝑛𝜔 (𝑎,𝑏,𝑐 ) ).13
Let 𝐴, 𝐵 ∈ (Z ∪ {∞})𝑛×𝑛 . For sets 𝑆,𝑇 ⊆ [𝑛] we denote by

𝐴[𝑆,𝑇 ] the restriction of𝐴 to the rows indexed by 𝑆 and the columns

indexed by 𝑇 . The min-plus product (also called distance product)
𝐴★ 𝐵 ∈ (Z ∪ {∞})𝑛×𝑛 of 𝐴 and 𝐵 is defined by

(𝐴★ 𝐵) [𝑖, 𝑗] = min

𝑘∈[𝑛]
(𝐴[𝑖, 𝑘] + 𝐵 [𝑘, 𝑗]).

The Min-Plus Product problem is to compute the min-plus product

of two given matrices 𝐴, 𝐵, and in the 𝑑-Weights Min-Plus Product

problem we restrict the matrix 𝐵 to have at most 𝑑 distinct non-∞
entries in each column.

14

It is well-known [23] (and easy to verify) that computing min-

plus products captures computing distances in graphs via the ob-

servation that 𝐷≤ℎ = 𝐷≤1 ★ · · · ★ 𝐷≤1
(i.e., the ℎ-fold min-plus

product of the weighted adjacency matrix with itself).

Sumsets. Let 𝑋,𝑌 ⊆ Z. We define their sumset 𝑋 + 𝑌 = {𝑥 + 𝑦 :

𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌 } and −𝑋 = {−𝑥 : 𝑥 ∈ 𝑋 }. Moreover, we say that

𝑧 ∈ 𝑋 +𝑌 has multiplicity 𝑟𝑋+𝑌 (𝑧) = |{(𝑥,𝑦) ∈ 𝑋 ×𝑌 : 𝑧 = 𝑥 +𝑦}|,
and we write 𝑃𝑡 (𝑋,𝑌 ) = {𝑧 ∈ 𝑋 + 𝑌 : 𝑟𝑋+𝑌 (𝑧) ≥ 𝑡} to denote the

set of 𝑡-popular sums.

3 Technical Overview
In this section we give a detailed overview of our main results. Due

to space constraints we defer all formal proofs to the full version

of this paper.

3.1 Node-Weighted APSP
To overview our algorithm for Node-Weighted APSP, we start with

a quick recap of the previous algorithms due to Chan [12] and

Yuster [42]. A central idea in the context of APSP-type problems is

to compute the distances via repeated computations of min-plus

products, 𝐷≤ℎ = 𝐷≤1 ★ · · ·★𝐷≤1
. For instance, computing APSP

in edge-weighted graphs reduces via repeated squaring 𝐷≤2ℎ =

𝐷≤ℎ★𝐷≤ℎ
to computing log𝑛min-plus products. Chan’s algorithm

12
Instead, we can equivalently assume that in the graph each node has incoming edges

of at most 𝑑 distinct weights, by computing APSP on the reversed graph (in which the

orientations of all edges are flipped).

13
Strictly speaking, 𝜔 is defined as a limit value and thus we only have the guarantee

that for every 𝜖 > 0 there is a matrix multiplication algorithm in time𝑂 (𝑛𝜔+𝜖 ) . As
is common in the literature, we neglect this technicality for the sake of simplicity.

14
Instead, we can equivalently restrict the rows in𝐴 to have at most 𝑑 distinct non-∞

entries in each row. We can then read off𝐴★𝐵 from (𝐴★𝐵)𝑇 = 𝐵𝑇 ★𝐴𝑇
.

for Node-Weighted APSP [12] follows a different approach based

on two main insights.

First, observe that since the graph is node-weighted, the matrix

𝐷≤1
admits the simple structure that in each column all non-⊥ en-

tries are equal. This can be exploited to compute min-plus products

𝐴 ★𝐷≤1
and 𝐷≤1 ★𝐴 more efficiently than the naive cubic-time

algorithm, namely in time 𝑂̃ (𝑛 (3+𝜔 )/2); we will refer to this opera-

tion as a Boolean min-plus product. To exploit this fact, however, we
are forced to compute 𝐷≤ℎ = 𝐷≤1 ★ · · ·★𝐷≤1

via ℎ − 1 sequential

computations in time 𝑂̃ (ℎ · 𝑛 (3+𝜔 )/2), and cannot rely on repeated

squaring anymore. In particular, we cannot simply set ℎ = 𝑛 to

compute 𝐷 = 𝐷≤𝑛
.

Instead, the second idea is to sample a uniformly random set 𝑆

of 𝑂̃ (𝑛/ℎ) pivot nodes aiming to shortcut all shortest paths with
hop-length more thanℎ. Specifically, we can efficiently compute the

inter-pivot distances 𝐷 [𝑆, 𝑆] in time 𝑂̃ (𝑛3/ℎ) by running Dijkstra’s
algorithm from each pivot. Moreover, with good probability the set

𝑆 simultaneously hits, for all nodes 𝑢, 𝑣 , all length-ℎ segments in a

shortest 𝑢-𝑣-path. We can thus decompose each relevant shortest

path of hop-length at leastℎ into an initial length-ℎ segment leading

to a pivot 𝑠 , followed by a shortest 𝑠-𝑡-path leading to another pivot

𝑡 , followed by a trailing length-ℎ segment. In other words:

𝐷 = min

(
𝐷≤ℎ, 𝐷≤ℎ [𝑉 , 𝑆] ★𝐷 [𝑆, 𝑆] ★𝐷≤ℎ [𝑆,𝑉 ]

)
. (1)

This expression for 𝐷 can be computed by 2ℎ Boolean min-plus

products in time 𝑂̃ (ℎ · 𝑛 (3+𝜔 )/2). Trading off the two contributions,

the total time is 𝑂̃ (𝑛 (9+𝜔 )/4) [12]. Yuster achieved an improvement

by rectangular fast matrix multiplication [42], speeding up the

computation of the individual Boolean min-plus products (and

some further modifications).

Our algorithm builds on the same framework, but adds two new

ideas to the mix. All in all, we still achieve a satisfyingly simple and

clean algorithm.

Idea 1: Rectangular Boolean Min-Plus Products. Our initial hope
was that (1) can be evaluated in such a way that we only need

to compute Boolean min-plus products 𝐴 ★ 𝐷≤1
of rectangular

matrices 𝐴; when 𝐴 is an 𝑠 × 𝑛 matrix for some 𝑠 ≪ 𝑛 we would

thereby hope to improve the running time of each individual min-

plus computation. At first this approach seems quite hopeless, even

for computing 𝐷≤ℎ
in (1). But suppose for now that we would only

want to compute the distances 𝐷 [𝑉 , 𝑆′] for some small set 𝑆 ′ ⊆ 𝑉 .
Then

𝐷 [𝑉 , 𝑆′] = min

(
𝐷≤ℎ [𝑉 , 𝑆′], 𝐷≤ℎ [𝑉 , 𝑆] ★𝐷 [𝑆, 𝑆] ★𝐷≤ℎ [𝑆, 𝑆 ′]

)
,

and this expression can indeed be evaluated by only rectangu-

lar Boolean min-plus products. For the left side in the minimum

compute 𝐷≤ℎ [𝑉 , 𝑆′] = 𝐷≤1 ★ · · · ★ 𝐷≤1 [𝑉 , 𝑆′] (sweeping from

right to left). For the right side we first compute 𝑀 := 𝐷 [𝑆, 𝑆] ★
𝐷≤1 [𝑆,𝑉 ] ★ · · ·★𝐷≤1

(sweeping from left to right), and then com-

pute 𝐷 [𝑉 , 𝑆′] = 𝐷≤1 ★ · · ·★𝐷≤1 [𝑉 , 𝑆] ★𝑀 [𝑆, 𝑆 ′] (sweeping from

right to left). All in all, we compute 3ℎ Boolean min-plus products,

each of size 𝑛 × 𝑛 × |𝑆 ′ | or |𝑆 | × 𝑛 × 𝑛. This is promising, but to

properly exploit this insight we need to restructure the algorithm

in levels.
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Idea 2: Multi-Level Pivots. Inspired by Zwick’s algorithm for di-

rected unweighted APSP [43], instead of considering one single

set of pivots that hits paths of one specific length, consider mul-

tiple levels of pivots 𝑆0, . . . , 𝑆𝐿 . Here, 𝑆ℓ is a uniform sample of

𝑂̃ (𝑛/2ℓ ) nodes with the purpose to hit paths of length 2
ℓ
, and

at the top level we choose 𝑆0 = 𝑉 . The idea is to compute dis-

tances 𝐷 [𝑆𝐿, 𝑆𝐿], . . . , 𝐷 [𝑆0, 𝑆0] step-by-step, from bottom to top.

At the base level ℓ = 𝐿 we compute the distances 𝐷 [𝑆𝐿, 𝑆𝐿] by
|𝑆𝐿 | calls to Dijkstra’s algorithm. And at each level ℓ < 𝐿 our

goal is to compute 𝐷 [𝑆ℓ , 𝑆ℓ ] having access to the previously com-

puted distances 𝐷 [𝑆ℓ+1, 𝑆ℓ+1]. In this setting we can perfectly ap-

ply our previous idea. Specifically, apply the previous paragraph

with 𝑆 = 𝑆ℓ+1, 𝑆 ′ = 𝑆ℓ and ℎ = 2
ℓ
; computing 𝐷 [𝑆ℓ , 𝑆ℓ ] amounts to

computing 3 · 2ℓ Boolean min-plus products of size |𝑆ℓ+1 | × 𝑛 × 𝑛
or 𝑛 × 𝑛 × |𝑆ℓ | (where both |𝑆ℓ |, |𝑆ℓ+1 | ≤ 𝑂̃ (𝑛/2ℓ )). Choosing appro-
priate parameters, the running time of this algorithm turns out to

be 𝑂̃ (𝑛 (3+𝜔 )/2).
In the full version of this paper we elaborate on this algorithm

in detail, and also (1) give a slightly optimized algorithm based on

rectangular fast matrix multiplication, (2) give a derandomization

based on Zwick’s [43] bridging sets (similar to the derandomizations

by Chan [12] and Yuster [42]), and (3) comment that our algorithm

easily extends to negative and/or real weights.

3.2 Few-Weights APSP
This algorithm easily extends to an algorithm for 𝑑-Weights APSP

in time 𝑂̃ (𝑑 · 𝑛 (3+𝜔 )/2) (Theorem 1.5), with a slight improvement

by rectangular matrix multiplication. The only difference is that we

replace all Boolean (aka 1-Weights) Min-Plus Products by𝑑-Weights

Min-Plus Products, computed naively with an overhead of 𝑑 . Recall

that this leads to a subcubic algorithm whenever 𝑑 ≪ 𝑛 (3−𝜔 )/2

(i.e., whenever 𝑑 ≪
√
𝑛 assuming 𝜔 = 2). However, to achieve our

subcubic algorithms for larger values of 𝑑 up to 𝑛3−𝜔 (Theorem 1.6)

it seems that we have to take the structure of the weights into

account. The remainder of this overview is devoted to a proof

sketch of Theorem 1.6 which, compared to the previous approach,

turns out to be considerably more technically involved.

Reduction to Exact Triangle. In fact, as mentioned before we

prove a slightly stronger statement concerning the following All-
Edges Exact Triangle problem: Given three matrices 𝐴, 𝐵,𝐶 ∈ (Z ∪
{⊥})𝑛×𝑛 (which we typically view as the adjacency matrices of

a 3-partite graph, where ⊥ symbolizes a non-edge), the goal is to

decide for each pair (𝑖, 𝑗) ∈ [𝑛]2 if there is some 𝑘 ∈ [𝑛] with

𝐴[𝑖, 𝑘] + 𝐵 [𝑘, 𝑗] = 𝐶 [𝑖, 𝑗];

in this case we call the triple (𝑖, 𝑘, 𝑗) an exact triangle. In the modern

fine-grained complexity literature it is well-known that the (All-

Edges) Exact Triangle is both APSP- and 3SUM-hard [38, 39] (in

the sense that a truly subcubic 𝑛3−Ω (1)
-time algorithm for Exact

Triangle implies a truly subcubic 𝑛3−Ω (1)
-time algorithm for APSP

and a truly subquadratic 𝑛2−Ω (1)
-time algorithm for 3SUM). Adapt-

ing these known reductions, it similarly follows that in order to

achieve an 𝑛3−Ω (1)
-time algorithm for 𝑑-Weights APSP it suffices

to design an 𝑛3−Ω (1)
-time algorithm for the 𝑑-Weights All-Edges

Exact Triangle problem, where we restrict the matrix 𝐴 to contain

at most 𝑑 distinct entries per row.
15

Even though we shifted our focus to a harder problem, the ad-

vantage of studying All-Edges Exact Triangle rather than APSP

directly is that dealing with the “equality constraint” rather than the

“minimization constraint” leads to a more streamlined algorithm.

Starting Point: BSG Covering. The few-weights Exact Triangle
problem can be understood as a graph analogue of the Clustered
3SUM problem defined by Chan and Lewenstein [13]. Therefore,

a natural starting point for us is to draw inspiration from their

algorithmic framework centered on the Balog-Szemerédi-Gowers

(BSG) Theorem [8, 25] from additive combinatorics. In fact, all

results in their breakthrough paper trace back to the following

“Covering” version of the BSG Theorem:

Theorem 3.1 (BSG Covering [13]). Let 𝑋,𝑌, 𝑍 ⊆ Z be sets of
size at most 𝑑 , and let 𝐾 ≥ 1. Then there are subsets 𝑋1, . . . , 𝑋𝐾 ⊆ 𝑋
and 𝑌1, . . . , 𝑌𝐾 ⊆ 𝑌 , and a set of pairs 𝑅 ⊂ 𝑋 × 𝑌 satisfying the
following three properties:

(i) {(𝑥,𝑦) ∈ 𝑋 × 𝑌 : 𝑥 + 𝑦 ∈ 𝑍 } ⊆ ⋃𝐾
𝑘=1

(𝑋𝑘 × 𝑌𝑘 ) ∪ 𝑅.
(ii) |𝑋𝑘 + 𝑌𝑘 | ≤ 𝑂 (𝐾5𝑑) for all 𝑘 ∈ [𝐾].
(iii) |𝑅 | ≤ 𝑂 (𝑑2/𝐾).

The sets 𝑋1, . . . , 𝑋𝐾 , 𝑌1, . . . , 𝑌𝐾 , 𝑅 can be computed in deterministic
time 𝑂̃ (𝑑𝜔𝐾).

Throughout think of 𝐾 = 𝑑𝜖 for some small constant 𝜖 > 0. Intu-

itively, the BSG Covering Theorem states that the sets 𝑋 and 𝑌

can be decomposed into an additively structured part (the sets

𝑋1, . . . , 𝑋𝐾 , 𝑌1, . . . , 𝑌𝐾 ) plus a small remainder part (the set 𝑅). Here,
additively structured means that for each pair 𝑋𝑘 , 𝑌𝑘 the sum-
set 𝑋𝑘 + 𝑌𝑘 := {𝑥 + 𝑦 : 𝑥 ∈ 𝑋𝑘 , 𝑦 ∈ 𝑌𝑘 } has small size. It is instruc-

tive to think of such highly structured sets as intervals or arithmetic

progressions (with the same step width).

It is natural that this theorem finds applications for arithmetic

computational problems like 3SUM, but our challenge in the fol-

lowing is to apply this theorem in a graph setting.

Step 1: Uniform Regular Exact Triangle via BSG Covering. Our
strategy is as follows: We will first assume that the graph is suf-

ficiently structured (specifically, 𝑑-uniform and
𝑛
𝑑
-regular defined

as follows) so that we can conveniently exploit the BSG Covering.

The main bulk of our work is then to later enforce this structure:

• 𝑑-Uniform: The three matrices𝐴, 𝐵,𝐶 contain at most𝑑 distinct
entries.
(That is, we not only require that each row of 𝐴 has at most

𝑑 distinct entries, but that the entire matrix 𝐴 contains at

most 𝑑 distinct entries, and moreover that the same applies

to 𝐵 and 𝐶 .)

• 𝑛
𝑑
-Regular: Each entry appears at most 𝑛

𝑑
times in its respective

row and column in 𝐴, 𝐵 and 𝐶 .

Lemma 3.2 (Uniform Regular Exact Triangle). There is a de-
terministic algorithm solving All-Edges Exact Triangle on 𝑑-uniform
and 𝑛

𝑑
-regular instances in time 𝑂̃ (𝑛3−(3−𝜔 )/7𝑑1/7).

15
This choice is somewhat arbitrary; we could have similarly restricted the columns

in𝐴, or the matrices 𝐵 or𝐶 instead of𝐴.

1961



All-Pairs Shortest Paths with Few Weights per Node STOC ’25, June 23–27, 2025, Prague, Czechia

We give a quick proof sketch of Lemma 3.2. Let 𝑋 denote the

set of non-⊥ entries in 𝐴, let 𝑌 denote the set of non-⊥ entries

in 𝐵, and let 𝑍 denote the set of non-⊥ entries in 𝐶 . By the 𝑑-

uniformness assumption we are guaranteed that |𝑋 |, |𝑌 |, |𝑍 | ≤ 𝑑 .

We apply the BSG Covering Theorem to the sets 𝑋,𝑌, 𝑍 to com-

pute subsets 𝑋1, . . . , 𝑋𝐾 , 𝑌1, . . . , 𝑌𝐾 and a remainder set 𝑅. We are

left with only two subtasks: Detecting the exact triangles (𝑖, 𝑘, 𝑗)
for which (𝐴[𝑖, 𝑘], 𝐵 [𝑘, 𝑗]) ∈ 𝑋ℓ × 𝑌ℓ for some ℓ ∈ [𝐾] (the addi-
tively structured case), and detecting the exact triangles for which

(𝐴[𝑖, 𝑘], 𝐵 [𝑘, 𝑗]) ∈ 𝑅 (the remainder case).

For the additively structured case we enumerate each ℓ ∈ [𝐾]
and consider the matrix 𝐴′

obtained from 𝐴 by deleting all entries

not in 𝑋ℓ (i.e., by replacing these entries by ⊥) and the analogous

matrix 𝐵′. We then solve the Exact Triangle instance (𝐴′, 𝐵′,𝐶)
by an algebraic algorithm running in time 𝑂̃ (𝑛𝜔 · |𝑋ℓ + 𝑌ℓ |). This
algorithm generalizes the 𝑂̃ (𝑛𝜔 ·𝑀)-time algorithm for the 𝑀-

bounded case (which is based on combining fast matrix multipli-

cation with the fast Fourier transform) by incorporating sparse
convolutions techniques. By the BSG Covering theorem, this case

takes time 𝑂̃ (𝐾 · 𝑛𝜔 · 𝑑 · 𝐾5).
In contrast, we deal with the remainder 𝑅 by brute-force and

simply enumerate all triples (𝑖, 𝑘, 𝑗) with (𝐴[𝑖, 𝑘], 𝐵 [𝑘, 𝑗]) ∈ 𝑅. This
is where we critically exploit the regularity assumption: For each

pair (𝑎, 𝑏) ∈ 𝑅 and each 𝑘 ∈ [𝑛], there can be at most
𝑛
𝑑
entries

𝐴[𝑖, 𝑘] = 𝑎 (using that each entry appears at most
𝑛
𝑑
times in its

respective column in 𝐴) and at most
𝑛
𝑑
entries 𝐵 [𝑘, 𝑗] = 𝑏 (using

that each entry appears at most
𝑛
𝑑
times in its respective row in

𝐵). Thus, we enumerate at most |𝑅 | · 𝑛 · 𝑛
𝑑
· 𝑛
𝑑
= 𝑂 (𝑛3/𝐾) triples

in total. Here we used that |𝑅 | = 𝑂 (𝑑2/𝐾) by Theorem 3.1. The

lemma follows by trading this off against the running time of the

structured case.

Until this point we have vaguely followed Chan and Lewen-

stein’s [13] approach ported to the Exact Triangle problem. We

needed that the instance is 𝑑-uniform to be able to apply the BSG

Covering Theorem in the first place, and we needed that the in-

stance is
𝑛
𝑑
-regular to deal with the unstructured remainder.
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In

our view the 𝑑-uniform assumption seems fundamental while the

𝑛
𝑑
-regular assumption feels more like a technical detail. Unfortu-

nately, both assumptions turned out to be serious barriers which

require a lot of work to be established.

Step 2: Uniformization. In a first step we will transform an arbi-

trary 𝑑-weights instance of Exact Triangle into a few equivalent

𝑑-uniform instances disregarding the
𝑛
𝑑
-regular requirement for

now. On a conceptual level, our goal is to transform a given instance

with a local structure (𝑑 distinct weights per node) to instances with
global structure (𝑑 distinct weights in total). We will achieve this by

exploiting the all-pairs nature of the problem: While the weights of

any two specific nodes 𝑖 and 𝑗 can be adversarially uncorrelated,

this cannot simultaneously apply to all pairs of nodes 𝑖, 𝑗 without

rendering the instance easy to solve.

To illustrate the concrete idea, consider a pair (𝑖, 𝑗) and let 𝑋𝑖
denote the set of entries in the 𝑖-th row of 𝐴 (i.e., the set of edge

weights incident to 𝑖), and similarly let 𝑌𝑗 denote the set of entries

16
Strictly speaking, we only need the weaker assumption that the columns in𝐴 and

the rows in 𝐵 are regular; however, in our later regularization step we get the other

regularity assumptions essentially for free.

in the 𝑗-th column of 𝐵. The 𝑑-weights assumption implies that

|𝑋𝑖 | ≤ 𝑑 for all 𝑖 , and by a simple trick which we omit here one can

additionally assume that |𝑌𝑗 | ≤ 𝑑 . We say that an element 𝑐 ∈ 𝑋𝑖+𝑌𝑗
is popular if there are many representations 𝑐 = 𝑎 + 𝑏 for (𝑎, 𝑏) ∈
𝑋𝑖 ×𝑌𝑗 , and unpopular otherwise. (As the precise threshold we will
later pick Θ(𝑑/Δ) where Δ = 𝑑𝜖 for some small constant 𝜖 > 0.) In

order to test whether (𝑖, 𝑗) is contained in a exact triangle, it would

be very helpful if 𝑐 := 𝐶 [𝑖, 𝑗] was unpopular. In this case we could

simply enumerate all possible representations 𝑐 = 𝑎 + 𝑏 ∈ 𝑋𝑖 + 𝑌𝑗 ,
and test whether there is an intermediate node 𝑘 with 𝐴[𝑖, 𝑘] = 𝑎
and 𝐵 [𝑘, 𝑗] = 𝑏 by brute-force. The problematic case is when 𝑐 is

popular. Perhaps a first instinct is that having a popular sum implies

that 𝑋𝑖 and 𝑌𝑗 must be additively structured sets, such as intervals

or arithmetic progressions. However, this is not necessarily true as

the following example shows: Let 𝑋𝑖 be a random set and choose

𝑌𝑗 = −𝑋𝑖 := {−𝑎 : 𝑎 ∈ 𝑋𝑖 }. Then 0 ∈ 𝑋𝑖 + 𝑌𝑗 has the highest-

possible multiplicity |𝑋𝑖 | in the sumset. However, this example

also hints at what general structure we can expect: Generally, it

is easy to see that there must be large subsets 𝑆 ⊆ 𝑋𝑖 and 𝑇 ⊆ 𝑌𝑗
such that 𝑆 = −𝑇 . We will now exploit this structure as follows:

Consider the bipartite graph 𝐻 = ( [𝑛], [𝑛], 𝐸) where we include an
edge (𝑖, 𝑗) ∈ 𝐸 if and only if the sumset𝑋𝑖+𝑌𝑗 has a popular element.

That is, 𝐸 contains exactly the problematic pairs. Then either 𝐻

is sparse (i.e., there is a subquadratic number of problematic pairs

(𝑖, 𝑗) leading to a simple subcubic algorithm for Exact Triangle), or

𝐸 is dense and thus there should be sets 𝑆 and 𝑇 that constitute a

common core not only to a specific pair (𝑖, 𝑗), but to many pairs

(𝑖, 𝑗). Formally, this idea leads to the following result which we call

the “popular sum decomposition”:

Lemma 3.3 (Popular Sum Decomposition). Let Δ ≥ 1 and let
𝑋1, . . . , 𝑋𝑛, 𝑌1, . . . , 𝑌𝑛 ⊆ Z be sets of size at most 𝑑 . Then there are
partitions

𝑋𝑖 = 𝑋𝑖,1 ⊔ · · · ⊔ 𝑋𝑖,Δ2 ⊔ 𝑋 ′
𝑖 (for all 𝑖 ∈ [𝑛]),

𝑌𝑗 = 𝑌𝑗,1 ⊔ · · · ⊔ 𝑌𝑗,Δ2 ⊔ 𝑌 ′
𝑗 (for all 𝑗 ∈ [𝑛])

with the following properties:

(1) There are sets 𝑆ℓ and shifts 𝑠𝑖,ℓ (for 𝑖 ∈ [𝑛] and ℓ ∈ [Δ2]) such
that 𝑋𝑖,ℓ ⊆ 𝑠𝑖,ℓ + 𝑆ℓ and |𝑆ℓ | ≤ 𝑑 , and
there are sets𝑇ℓ and shifts 𝑡 𝑗,ℓ (for 𝑗 ∈ [𝑛] and ℓ ∈ [Δ2]) such
that 𝑌𝑗,ℓ ⊆ 𝑡 𝑗,ℓ +𝑇ℓ and |𝑇ℓ | ≤ 𝑑 .

(2) |{(𝑖, 𝑗) ∈ [𝑛] : 𝑃
2𝑑/Δ (𝑋 ′

𝑖
, 𝑌𝑗 ) ≠ ∅}| ≤ 𝑛2/Δ, and

|{(𝑖, 𝑗) ∈ [𝑛] : 𝑃
2𝑑/Δ (𝑋𝑖 , 𝑌 ′

𝑗
) ≠ ∅}| ≤ 𝑛2/Δ.

These partitions can be found by a randomized algorithm in time
𝑂̃ (𝑛2𝑑 · Δ3), or a deterministic algorithm in time 𝑂̃ (𝑛2𝑑 · Δ3) ·𝑈 𝑜 (1) ,
where𝑈 denotes the largest absolute value of any input integer.

To apply this decomposition to the Exact Triangle problem, par-

tition 𝐴 into matrices 𝐴1, . . . , 𝐴Δ2 and 𝐴′
where we restrict the

entries in the 𝑖-th row to 𝑋𝑖,1, . . . , 𝑋𝑖,Δ2 and 𝑋 ′
𝑖
. Similarly partition

𝐵 based on the decomposition of the 𝑌𝑗 ’s. Observe that each exact

triangle appears in exactly one instance (𝐴𝑔, 𝐵ℎ,𝐶) (the ordinary
instances) or (𝐴𝑔, 𝐵′,𝐶) or (𝐴′, 𝐵ℎ,𝐶) or (𝐴′, 𝐵′,𝐶) (the exceptional
instances) for 𝑔, ℎ ∈ [Δ2].

1962
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To deal with the exceptional instances we exploit that there are

only 𝑂 (𝑛2/Δ) problematic pairs by Property (2) of the decompo-

sition (recall that 𝑃
2𝑑/Δ (𝑋 ′

𝑖
, 𝑌𝑗 ) is the set of popular elements in

𝑋 ′
𝑖
+𝑌𝑗 ; thus, when this set is empty the pair (𝑖, 𝑗) is unproblematic).

For the ordinary instances (𝐴𝑔, 𝐵ℎ,𝐶) consider the following

transformation: From each entry 𝐴𝑔 [𝑖, 𝑘] we subtract 𝑠𝑖,𝑔 , from

each entry 𝐵ℎ [𝑘, 𝑗] we subtract 𝑡 𝑗,ℎ , and from each entry𝐶 [𝑖, 𝑗] we
subtract 𝑠𝑖,𝑔 + 𝑡 𝑗,ℎ . Clearly, this transformation does not change the

set of exact triangles (as for each triple (𝑖, 𝑘, 𝑗) we subtract the same

number on both sides of 𝐴𝑔 [𝑖, 𝑘] + 𝐵ℎ [𝑘, 𝑗] = 𝐶 [𝑖, 𝑗]). However, by
Property (1) this transformation leads to matrices 𝐴∗, 𝐵∗,𝐶∗

such

that all entries of 𝐴∗
are contained in 𝑆𝑔 and all entries of 𝐵∗ are

contained in 𝑇ℎ . In particular, the resulting matrices 𝐴∗
and 𝐵∗ are

𝑑-uniform.

This proof sketch explains our main innovations, but the for-

mal proof requires some more technical ideas such as (1) a “mini-

regularization” preprocessing step to deal with the unpopular pairs,

(2) an efficient algorithm to compute the popular sums [24], and (3)

the insight that finally 𝐶∗
can also be easily uniformized. We defer

these details to the full version.

Step 3: Regularization. The final reduction step is to establish

the
𝑛
𝑑
-regular assumption. Let us emphasize again that, despite our

first impression that this issue should be easily solvable by standard

techniques, it turned out to be a serious technical issue. In fact, as

we will describe shortly, the regularization step turns out to be the

most costly step of our entire algorithm.

From the previous step we assume the following primitive: In

time𝑂 (𝑛3/Δ) we can transform a𝑑-weights Exact Triangle instance

(𝐴, 𝐵,𝐶) equivalently into, say,Δ100
many𝑑-uniform Exact Triangle

instances. Recall that in a 𝑑-weights instance we restrict the rows of

𝐴 to have at most 𝑑 distinct entries. However, an important insight

at this point is that it does not really matter which matrix 𝐴, 𝐵 or

𝐶 is 𝑑-weights and whether we restrict the rows or columns—we

can always appropriately rotate and/or transpose the instance.

The idea behind our regularization step can be sketched as fol-

lows. For simplicity of exposition here we only focus on the regular-

ization of, say, the rows of 𝐵; all five other requirements work simi-

larly. Let (𝐴, 𝐵,𝐶) be a given 𝑑-weights instance. We first transform

it into Δ100
uniform instances, and focus on one resulting instance

(𝐴′, 𝐵′,𝐶′). We delete all entries in 𝐵′ that appear at least 𝑛
𝑑
· 𝜌

times in their respective row (for some parameter 𝜌 ≥ 1), planning

to deal with these deleted entries later by recursion. The remaining

matrix can be further partitioned into 𝜌 matrices 𝐵′
1
, . . . , 𝐵′𝜌 such

that each of these matrices is
𝑛
𝑑
-column-regular (and still𝑑-uniform,

of course). In particular, the instances (𝐴′, 𝐵′
𝑖
,𝐶′) are exactly as de-

sired. But we still have to deal with the deleted entries: Let 𝐵′′

denote the matrix consisting of the entries deleted earlier. The key

idea is that each entry in 𝐵′′ appears at least 𝑛
𝑑
·𝜌 times in its respec-

tive row, and thus each row contains at most 𝑑/𝜌 distinct entries.

Thus, (𝐴′, 𝐵′′,𝐶′) is a (𝑑/𝜌)-weights Exact Triangle instance, and
it is reasonable to solve this instance recursively. This leads to a

recursive algorithm with recursion depth log𝜌 (𝑑).
However, there is a serious problem: Already at the first recursive

level the decomposition algorithm becomes too inefficient: Recall

that we have created Δ100
recursive calls—one for each uniform

piece. But each such recursive call first applies the uniformization

again which each takes time 𝑂 (𝑛3/Δ), and thus takes super-cubic

time𝑂 (𝑛3 ·Δ99) in total. Our solution to this problem is to carefully

set the parameters Δ (and 𝜌) depending on the recursion depth. For
instance, at the first level of the recursion we would set Δ1 = Δ101

so that the total running time of the first level becomes 𝑂 (𝑛3/Δ).
All in all, this recursive approach leads to an algorithm that in

time roughly 𝑂̃ (𝑛3/Δ) transforms a given 𝑑-weights Exact Triangle

instance into 𝑂̃ (𝑑𝜖Δ2
𝑂 (1/𝜖 ) ) equivalent 𝑑-uniform and

𝑛
𝑑
-regular

instances, where the constant 𝜖 > 0 can be chosen arbitrarily

small. This is indeed sufficient to prove Theorem 1.6: For any 𝛿 > 0,

we can solve 𝑛 (3−𝜔 )−𝛿
-Weights APSP in subcubic time by call-

ing the regularization decomposition with parameters 𝜖 = Θ(𝛿)
and Δ = 𝑛2

−𝑂 (1/𝛿 )
. However, the resulting subcubic running time

is𝑂 (𝑛3−2−𝑂 (1/𝛿 ) ), so the savings have decreased exponentially.With

more technical effort we can improve this dependence to polyno-

mial. We leave it as an open question whether the dependence

can be improved to linear, i.e., whether there is an algorithm for

𝑑-Weights APSP running in time, say, 𝑂 (𝑛3−0.001𝑑0.001).
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