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A review of Student’s t distribution and its
generalizations

by

Rui Li and Saralees Nadarajah
School of Mathematics, University of Manchester, Manchester M13 9PL, UK

Abstract: The Student’s ¢ distribution is the most popular model for economic and financial
data. In recent years, many generalizations of the Student’s t distribution have been proposed.
This paper provides a review of generalizations, including software available for them. A real data
application is presented to compare some of the reviewed distributions.

Keywords: Cumulative distribution function; Moments; Probability density function

1 Introduction

The Student’s ¢ (ST) distribution was discovered by William Gosset in 1908. It can be derived
from the normal distribution. Let Y7,Y5,...,Y, be independent and identical N (u,aQ) random
variables. The sample mean Y and sample variance S? are

n

?:%ZY,-

i=1

and
n

§2= 13 (vi-7)*.

n—14
=1

Then X = S?/?/’% is a Student’s ¢ random variable with n — 1 degrees of freedom. A Student’s ¢

random variable with v > 0 degree of freedom has the probability density function (pdf)

v+1

for —oo < & < 400, where I'(:) denotes the gamma function defined by

I'(a) = /OOO t9 L exp(—t)dt.

The corresponding cumulative distribution function (cdf) is
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where 9 F] denotes the Gauss hypergeometric function defined by

o0 k k

oF (a,b;c;x) Z (1)

k=0

where (e)* = e(e+1) - -- (e+k—1) denotes the ascending factorial. There are various approximations
for z, satisfying F' (z4) = 1 — a. See Section 4, Chapter 28 of Johnson et al. (1995) for details. A
recent approximation due to Schliiter and Fischer (2012) is

for small a.

When v = 1, the Student’s ¢ distribution is a Cauchy distribution with pdf and cdf specified by

1

=T

and

1 1
F(x) = 3 + = arctan .

The Student’s ¢ distribution with two degrees of freedom has pdf and cdf specified by

1

f(w):m

and

F(x):;<1+\/2i_7>.

When v — oo, the Student’s ¢ distribution becomes a normal distribution with pdf

In addition, the mean, variance, skewness and kurtosis of the Student’s ¢ distribution are

0, for v > 1,
undefined, otherwise,

B(X) = {

v fi > 2
——, forv
Var(X) =4 v—2 ’
400, forl<wv<2,

0, for v > 3,

Shewness(X) = { undefined, otherwise,



and

34+ 6 1 for v > 4,
. vV —
Kurtosis(X) = +o0, for 2 < v < 4,
undefined, otherwise.

Since the Student’s ¢ distribution is symmetric around zero, the odd moments all vanish. The
even moments exist for n large enough. The absolute moments are

)

—

k
E<|X |k) _ VQF(%)F

for v > k.

The characteristic function of the Student’s ¢ distribution is

(Vo |t Ky (Vo | t])

() = 2v/2-17 (1 /2) ’

where K, (-) denotes the modified Bessel function of the second kind of order v defined by

S ()~ L)), v 2,
Ky(r) = :
&E}I}/KM(I'), ifve Za

where I,,(-) denotes the modified Bessel function of the first kind of order v defined by

© 1 x\ 2k+v
L(@) = kzo T(k+v+ 1)kl (5) '

More details about the Student’s ¢ distribution can be found in Ahsanullah et al. (2014).

In recent years, many generalizations of the Student’s t distribution have been proposed in the
literature. In terms of applications, the Student’s ¢ distribution and its generalizations have become
the most popular models for economic and financial data. Some recent applications have included:
systematic risk in the Chilean stock markets (Cademartori et al., 2003); models on international
portfolio risk management (Ku, 2008); pricing of European options (Cassidy et al., 2010); models for
insurance loss data (Brazauskas and Kleefeld, 2011); modeling of Brazilian stock returns (Bergmann
and de Oliveira, 2013); modeling of stock returns in Nigeria (Shittu et al., 2014).

Because of the increasing interest in terms of methodology and applications, we feel it is timely
that a review is provided of the Student’s ¢ distribution and its generalizations. In this paper,
we provide such a review. We review in Section 2 nearly thirty generalizations, including Harvey
and Lange (2015)’s generalized ¢ distribution, McDonald and Newey (1988)’s generalized ¢ distri-
bution, Papastathopoulos and Tawn (2013)’s generalized ¢ distribution, the folded ¢ (Psarakis and
Panaretoes, 2007) distribution, the discrete Student’s ¢ (Ord, 1968) distribution, the non-central ¢
distribution (Levy and Narula, 1974), the asymmetric Student’s ¢ (Zhu and Galbraith, 2010) dis-
tribution, the truncated Student’s ¢ (Kim, 2008) distribution, Fernandez and Steel (1998)’s skewed



t distribution, Jones and Faddy (2003)’s skewed ¢ distribution, Azzalini and Capitanio (2003)’s
skewed t distribution, the skewed t distribution via the sinh-arcsinh transformation (Rosco et al.,
2011), Theodossiou (1998)’s skewed ¢ distribution, Acitas et al. (2015)’s skewed t distribution,
the generalized hyperbolic skewed ¢ (Aas and Haff, 2006) distribution, the beta ¢ (Sepanski and
Kong, 2007) distribution, the beta skewed ¢ (Shittu et al., 2014) distribution, the Kumaraswamy
t distribution, the Kumaraswamy skewed ¢ (Li and Nadarajah, 2016) distribution, the 7" skewed
t (Roozegar et al., 2016) distribution, the skewed ¢ normal (Gémez et al., 2007b; Ho et al., 2012)
distribution, the non-central skewed ¢ (Hasan, 2013) distribution, Baker (2016)’s skewed ¢ distri-
bution, Balakrishnan skewed ¢ (Shafiei and Doostparast, 2014) distribution, the epsilon skewed ¢
(Gémez et al., 2007a) distribution, and Mittnik and Paolella (2000)’s skewed t distribution. For
each distribution, we try to give expressions for the pdf, cdf, quantile function and moments. Some-
times not all of these properties are given if they are not stated in the original source or if nice
closed form expressions are not known.

A real data application comparing some of the reviewed distributions is discussed in Section
3. Some known software for the Student’s ¢ distribution and its generalizations are summarized in
Section 4.

In this paper, we have reviewed only univariate Student’s ¢t and related distributions. A future
work is to review bivariate, multivariate, complex variate and matrix variate Student’s ¢ distribu-
tions.

2 The collection

Sections 2.2 to 2.27 list known generalizations of the Student’s ¢ distribution. Some abbreviations
and functions used throughout as summarized in Section 2.1.

2.1 Preliminaries

The following notations are used throughout: (z); = max(z,0); (e)y =e(e —1)---(e —k+ 1) the
descending factorial; 1,, a n x 1 vector of ones; T'(v) a Student’s ¢t random variable with v degrees
of freedom; x?2 a chisquare random variable with v degrees of freedom; ¢(-) the standard normal
pdf; ®(-) the standard normal cdf; z, the root of ®(z,) = 1 — a; t,(-) the Student’s ¢ pdf with
v degrees of freedom; T, () the Student’s ¢ cdf with v degrees of freedom; 7, 1(-) the Student’s
t qunatile function with v degrees of freedom; Fp(-;a,b) the cdf of a beta random variable with
shape parameters a, b; ® (+; 5) the cdf of the skewed normal random variable (Azzalini, 1985) with
skewness parameter 3; g(7 | a,b) the pdf of a gamma random variable with shape parameter a and
scale parameter b.

Several special functions are also needed, including the inverse gamma function defined by
T (F_l(aj)) =1

the beta function defined by
1
Bla,b) = / =101 4)b-1gp;
0
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the incomplete beta function ratio defined by

1 xX
Ix — a—l 1 _ b—l .
(a,b) Blab) /0 w1 —w)”  dw;

the inverse incomplete beta function ratio defined by
L (I, (a,b)) = a;
the floor function defined by
floor(z) = max{m € Z | m < z};

the sign function defined by

+1, ifx >0,
sign(z) =< —1, ifz <0,
0, ifz=0;

the indicator function defined by

1, if A is true,
r{A} = { 0, if A is false;

I(z) defined as the imaginary part

2.2 Harvey and Lange’s generalized ¢t distribution

The generalized Student’s ¢ distribution due to Harvey and Lange (2015) has the pdf

v+1

fla) = K(v,q) (1 + i|x|a>

for —oo < & < 400, where v and « are positive shape parameters, and

Q@
Kv,a) = —5———,
202 B (%,7)

where B(-,-) is as defined in Section 2.1. The Student’s ¢ distribution is contained as a particular
case for v = 2 and the exponential power distribution is contained as the limiting case for v — +o0.
The rth absolute moment is

T ()T (75)
r

BUX D) =551

1
a

for 0 <r <.



2.3 McDonald and Newey’s generalized ¢ distribution
A generalized ¢ distribution due to McDonald and Newey (1988) has the pdf
p

1

P\ 49—,

—_— <1 + m) i
2¢7 B (i,q) 9

for —oo < x < 400, where p > 0 and ¢ > 0 are shape parameters and B(-,-) is as defined in Section
2.1. The corresponding cdf is

Fo) = |1+sin@ne (1)

and sign(z) and I,(a,b) are as defined in Section 2.1.

fz) =

|=[?

q-+|z[P

where g(x) =

An alternative parameterization of the generalized t distribution studied by Nadarajah (2008)
has the pdf and cdf given by

kT'(h AL
fz) = 1+ ||
e U
and

1 1 1

—(1+1 = h—-= >

B 9 + 1—(1+mk) 1 k,h k , T = O,

Fz)=q 7 11
1o I B A

for—oo<a:<—i—oo,k>0,h>0andh>%.

2.4 Papastathopoulos and Tawn’s generalized ¢ distribution

Papastathopoulos and Tawn (2013) proposed a generalization of the Student’s ¢ distribution to
take both positive and negative degrees of freedom. Its pdf and cdf are

_ V]| 2\~ 2e
flo)= b (1, = 62w (1+67)s
2’ A¢

and

1 V1€ 11+¢3 2
F(x)_2+B<1 ff(ffiésign(f)) 241 <27 25 7§7m1n(1,*€x) ;

27

respectively, for 0 <| z |< /= if £ <0 and 0 <| z |< o0 if £ > 0, where —co < £ < 400, B(, ")
and sign(-) are as defined in Section 2.1 and o F}(a, b; ¢; x) is defined by (1). The particular case for
¢ > 0 is the Student’s ¢ distribution with 1/£ degrees of freedom. The limiting case for £ — 0 is
the normal distribution. The kth moment is

k/23<k+1 (2—25—k£)sign(£)—k‘£)

A K1 €T 2’ 4€

B(X") = 1+ 0 = B(l (2—2£—k€)sign(£)—k:£>
2’ 4¢

for £ < 1/k.



2.5 Folded ¢ distribution

If T'is a Student’s t random variable X = |T'| is a folded ¢ random variable (Psarakis and Panaretoes,
2007). So, Fx(x) = Fp(z) — Fr(—x) = 2Fp(z) — 1 and fx(x) = 2fp(x) for z > 0. That is,

v+1

B QI‘(Ll) 1,2 )
fX(:E)_F(g)f/ﬁ(l—'_V)

and

1 vt1.3. a2
Fe(@) 2F<u+1>2F1(2»V§vzv—my)
2 \/wyf(%)

where o F (a, b; ¢; ) is as defined by (1). If z,, satisfies Fx (2,) = 1 — « then z, = T, (1 - %)

For v = 1, the folded ¢ distribution reduces to the folded-Cauchy distribution. As v — 400, we
obtain the folded-normal distribution. The mean and variance of a folded ¢ random variable are

v ()
E(X)= 2\/;r(;)(y—1)’ >

and

5 2
v 4y F(%l) S

Var(X) =4 v=2 a@-1?| T'(5)

v <2.

If X is a folded ¢ random variable Z = log X is said to be a log-folded-t random variable. Its
pdf and cdf (1/2)fx(log z) and Fx(log z).

2.6 Discrete Student’s ¢ distribution

The discrete Student’s ¢ distribution due to Ord (1968) has the pmf

823

f(x)

k

11 [(m+p+a)2+b2

p=0

for k a non-negative integer, 0 < a <1, 0 < b? < +o0,

and
w(avb):I(1+a+bi)+I(2_a+bi)+b[(a2+b2)_1+<(1_a)2+b2>_1]7
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where I(z) is as defined in Section 2.1.

The first four factorial moments fr = E [(X)g], where (X),, is as defined in Section 2.1, are

fl :07

1{22
2k —1)fy = Z+b2,
f3 :07

B3 (k—4 3k — 2)kb?
(h—4)  (Bk—2k"

4
16 2 30

(2k =1)(2k = 3)fa =

2.7 Non-central ¢ distribution

A non-central ¢t random variable with v degrees of freedom and non-centrality parameter ¢ is defined

by
Z+6
VRV

where Z ~ N(0,1) and x2 is as defined in Section 2.1. The pdf of X is (Levy and Narula, 1974)

X =

+oo r (y—i—l;—&—l) §kok/2 k

fw)=c), T(k+1)(v+a2)?

k=0
where
e=0%/2,v/2
O R+ )P (w2)
The corresponding cdf is
2
ezj/z: i (_(5j\!/§) T (j ‘;‘ 1) L) (sa2) <I;, ‘7;1) , x>0,
F(z) = . o |
1- 5 (_5ﬁ)r<‘7+1>1 2<”‘7+1> z<0
2 /r 2 i 2 v/w+a?) \ 50 5 | ;

where I;(a,b) is as defined in Section 2.1. An approximation for z, satisfying F' (z4) = 1 — a due
to Akahira (1995) is

1 1
T R 2o+ ;Bl (Za) + ﬁB2 (Za) s

where
w+u+6(2u?+1) + 6%u
B — (2 +
and
Ba(u) 5u’ + 16u” + 3u + 36 (4ut + 120 + 1) + 662 (u® + 4u) — 46% (u® — 1) — 36w
20U ) = .

96



The corresponding kth moment of X is

()= ()

for v > k. In particular, the first two moments are
B(x) =6 /Y0 (Y=L r (”)
V2 2 2

v

(v —2) (1+02)

and

E(X?) =

for v > 1 and v > 2, respectively, where I'"!(z) is as defined by Section 2.1.

2.8 Asymmetric Student’s ¢t (AST) distribution

The asymmetric Student’s ¢ distribution due to Zhu and Galbraith (2010) has the pdf

vi+1

1 21772
K () [1+( ””)] , v <0,
o v 2«
fx(z) = 1 1 2 —V22+1
-« T
K 1+ — —— 0

where a € (0, 1) is a skewness parameter, 4 > 0 and v, > 0 are the left and right tail parameters,

respectively, K (v) =T (42) [avl (4)] and o* = aK(yl)afgl(ilo)[)K(w). The corresponding cdf is

Fx(z) = 20T}, <mm(y0)> +2(1-a) [TVQ (max(y’0)> - 1] .

2 2(1—a*) 2

The quantile function of X satisfies

Fyl(z) = 204*TV_11 (min;z’a» +2(1—a) TV_21 (max(g,g)j—al) — 2a)

for 0 < ¢ < 1. In addition, the mean, variance and the kth moment are

V2K (VQ)
vo—1 |’

1K (1)

o1 +(1—a)(l—-a

B(X) =4 [—aa

_ w2 V1 _ o2 2 2| (x2_ M1 o2 P2
Var(X)—él[a(oz) +(1-a)(1 a)y2_2] 163[ (a)y2_1—|—(1 a)y2—1

B (X4) = a(-20") EIT ()" + (1~ 0)[2 (1~ o) EIT () ",

where B = aK (1) + (1 — o) K (ag).



2.9 Truncated Student’s ¢ distribution

A doubly truncated Student’s ¢t random variable (Kim, 2008) has its pdf and cdf specified by
fx(@) =ty (@) [T, (8) = T (a)] !
and
Fx(z) = [T, (z) = T, ()] [T, (8) = T, ()] "
respectively, for —oo < a <z < f < +o0. If z4 satisfies Fx (z4) =1 — ¢ then
zg =T, (T, () + (1 = q) [T (B) = T, () -

The first four moments of X are

and

E(x% =3 [(1/_232/_4) + %Gy(?)) (AZV23 — B;V23>] + G, (1) <a2A;V21 — sz,,_V;)

for v > 1, v >2, v >3 and v > 4, respectively, where a = o, b= 3, A, =v +a?, B, = v +b? and

Gy(r) = 5 r(5)ve ,7r=1,3.

2

[ 0)=F(@I0(5)0(3)

2.10 Fernandez and Steel’s skewed ¢ (FSST) distribution

Fernandez and Steel (1998) proposed a skewed Student’s t distribution by piecing together two
scaled halves of the Student’s ¢ distribution. Its pdf is

28 T (4 [1+i2<6121{x20}+ﬁ21{x<0}>]

v+1

2

1) = 1 ot (2)
for —oco < & < +o0, where I {A} is as defined in Section 2.1 and 8 > 0. The particular case for
B =1 is the Student’s ¢ distribution with v degrees of freedom. The rth moment of the skewed ¢
distribution is

gt 4+ B

E(X") =M, 51

i

where

+o0
Mr:/O 25" f(x)dz.
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2.11 Jones and Faddy’s skewed ¢ (JFST) distribution

Jones and Faddy (2003)’s skewed ¢ distribution is specified by the pdf and cdf

fla) = J%ﬁ 5+ o) o 2 - o) "

and

F(.%') = Ig(x) (CL, b),
respectively, for —oo < x < 400, a > 0 and b > 0, where

1 x
) P N —
9(z) 2 2Va+b+a?
and B(a,b) and I;(a,b) are as defined in Section 2.1. If z, satisfies Fx (z4) =1 — ¢ then
_ 1 Ifl ( b)
xq g ( 17q CL, bl

where I 1(a,b) is as defined in Section 2.1. The particular case of Jones and Faddy (2003)’s skewed
t distribution for a = b is the Student’s ¢ distribution with 2a degrees of freedom. The rth moment
is

, _(a—}—b)r/2 " /r ; ro r
E(X)_QTB(ajb); ) 1)B<a+2 i\b 2+)
for a > r/2 and b > r/2.

2.12 Azzalini and Capitanio’s skewed ¢ (ACST) distribution

The skewed Student’s ¢ distribution proposed by Azzalini and Capitanio (2003) has the pdf

v+1
fvp(®) =2t, () T)ia (ﬂx 22 1 1/) (3)
for —oco < & < 400. The corresponding cdf
Fao@) = [ fustwiy (4)

does not have a closed form. The particular case for § = 0 is the Student’s ¢ distribution with v
degrees of freedom.

2.13 Skewed t distribution via the sinh-arcsinh transformation

Jones and Pewsey (2009) proposed a sinh-arcsinh transformation as a general means for generating
classes of distributions. Rosco et al. (2011) used this transformation to form a skewed ¢ distribution.

11



Let Y denote a Student’s t random variable with v degrees of freedom. The skewed ¢ random
variable is defined by

Y = sinh [simh_1 (Trp) — Al
where —0o < A < 400 is a skewness parameter. The pdf and cdf of T}, , are
Ci(x)
VIta? |1+ (”ﬂ

and

F(a) = Fp | 5 |1+ 2= ;

vt
where C)(z) = cosh [sinh ™ (z) — A], Sx(z) = 1/C3(z) — 1, K, %;( )) and Fp(-;a,b) is as
defined in Section 2.1. The rth moment of T) , exists when r < v, and is given by
ﬂoor(%) . .
T 12m s 1.r—2m 2m 2\5—m
ET},] = Z <2m> cosh”™(\) sinh E [Ty (1+Y?)? } ,

m=0

where floor(+) is as defined in Section 2.1 and

. Y (vl 1 _ _
E[YQm(l—i—Yz)Q_m}:VZF(Q)F( )T (m+ 4 )2F1<y+1y T +V+1 r;l—u),

VT (5)T (m + 2H=r) 2 2 " 2

where 2F1(a,b; c; ) is as defined by (1). In particular, the first four moments of T} , are

E[T\,) = sinh(A)”F ()T (7))

re(s)

NN

E [T} ,] = sinh® A + (1 4 2sinh® \) Ny,

r v+1 r v=3 o
E[Tiy] = 3sinh Acosh? A (2132)(12/) 2)2F1 (V—;l,y23;;;1 1/)
g (v=2wel (BT (52 v+l v—3 v—2
+ sinh® A 2F2(%) o F 5 5 1—v

and
E [Ty ,] = sinh® A + 2sinh® A (3 4+ 4sinh? \) Np + [1 + 8sinh® X (1 + sinh?® A)| Ny,

where N; = [T (3)] AT (51T (557).

12



2.14 Theodossiou’s skewed ¢ distribution

Theodossiou (1998) proposed a skewed extension of the generalized ¢ distribution due to McDonald
and Newey (1988). Its pdf is

n+1
—k(1 _ —k Tk
C 1+W|xlk] , for z <0,
n—2
f(z) = ntl
1
01+W| |] , forz>0

for —oo <z < 400, k>0,n>2and —1 < A <1 (k and n control the height and tails of the pdf,
A is the skewness parameter), where

3 1
k 1 n\ 2 3 n—2\2
¢= B(k k) B<kk> SO,

1 1
B k B 1 n 3 n—2\ 2 1
9‘(n—2> B<k k) B<k’ ; ) S
1 1%
2 n—1 1 n\ 3 n—2\
2 2 p2 - v e
oo ()0 (1) e (205 T

where B(a,b) is as defined in Section 2.1. In addition, the rth moment for integer values of r is

and

S(\) =

B(XT)=

(040 B () B (1) ”5]
| .

T r+1
[(_1) Lo SO B (7.2

2.15 Acitas et al.’s skewed t (ACIST) distribution

Acitas et al. (2015) proposed another skewed extension of the generalized ¢ distribution due to
McDonald and Newey (1988). Its pdf and cdf are

1
P 14 (1 - ax)? [P\ T
f(z) = I 1 2(—1—0520) <1+H
27 B (5,q) 4
and
. 1
F(z) = 3o [1 + sign(z) Iy, (2) <p’ q) —2ag2(x) + a293(aj)} ,

respectively, for —oco < z < 400, —00 < a < +oo, a skewness and unimodality /bimodality
parameter, p > 0, a shape parameter, ¢ > 0, another shape parameter and pq > 2, where

()=

r(3)r

Cc = 5

13



and

|=[*

where g1 (z) = L
case for p = 2 is the alpha skewed Student’s ¢ distribution. The limiting case for p = 2 and ¢ — 400
is the alpha skewed normal distribution. The even order and odd order moments are

2q2k/17f 2k+1\ q— 2k a2q(2k+2)/pp 2k+3 ) q-— 2k+2
B (X2k> - 2 +1a20 f‘ (I;) 1 (q§ : ) + F<(1§ F>(q)< - )

p p

and sign(z), B(a,b) and I,(a,b) are as defined in Section 2.1. The particular

and
2k/ 2k+1 _ 2k
2a0q”"/PT ( » ) T (q » >

(2+a2)T (3@

E <X2k‘+1) —
respectively, for pg > 2k + 2 and pq > 2k, respectively.

2.16 Generalized hyperbolic skewed ¢ distribution

The generalized hyperbolic skewed ¢ distribution due to Aas and Haff (2006) has the pdf specified
by

25|81 Ko [v/BZ(1+27)] exp (B2)
v 9 v+1 ) ﬁ#oa
fz) = . VAl (5) (1+22) =
(Ty) (1+x2)_uz , 5=0
Vvl (5)

are

and

Var(X) = (v—2)*(v —4) * v—2'

14



2.17 Betat (BT) distribution

Sepanski and Kong (2007) proposed the beta ¢ distribution. Its pdf and cdf are
f(x) = [Bla, B)] o (@) [T (@) [1 = To ()]
and

F(:L') - ITV(x)(avﬁ)a

respectively, for —oo < z < 400, a > 0 and § > 0, where B(a,b) and I,(a,b) are as defined in
Section 2.1. If z, satisfies F' (x4) = 1 — ¢ then

ry =T, (I (0,9))

where I 1(a,b) is as defined in Section 2.1. The particular case of the beta t distribution for
a = [ =1 is the Student’s ¢ distribution with v degrees of freedom. The nth moment is

E(X”):%i(?)(—l)iB(antg—i,ﬁ—Zjﬁ)

=0

n n
fora >3 and 8 > 3.

2.18 Beta skewed ¢ (BST) distribution

The beta skewed ¢ distribution due to Shittu et al. (2014) has its pdf and cdf specified by

f@) = [Bla.B)] " fun(@) [Fa@)* 1 = Ba(2))

and

F(z) = Ip, , («)(a, B),

respectively, for —oo < & < 400, —00 < A < 400, ¥ > 0, @ > 0 and § > 0, where f,  (-) and
F, » (+) are given by (3) and (4), respectively, and B(a,b) and I (a,b) are as defined in Section 2.1.
If x4 satisfies F' (x4) =1 — ¢ then

2y = F, ) (I2y(0,8))

where F ) (-) denotes the inverse function of F, » (-) and I *(a,b) is as defined in Section 2.1. The
particular case of the beta skewed ¢ distribution for A = 0 is the beta ¢ distribution. The particular
case for A =0 and o = 8 =1 is the Student’s ¢ distribution with v degrees of freedom.

2.19 Kumaraswamy ¢ (KT) distribution

The Kumaraswamy ¢ distribution has its pdf and cdf specified by

J(@) = abty, (@) T3 (2) [1 = Tg ()"
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and
F(z)=1-[1-T3(),

respectively, for —oo < & < 400, ¥ >0, a > 0 and b > 0. If z, satisfies F' (z4) = 1 — ¢ then

zg =T ([1 —(1-q)""] Ua) .

The particular case of the Kumaraswamy t distribution for a = b = 1 is the Student’s ¢ distribution
with v degrees of freedom.

2.20 Kumaraswamy skewed ¢ (KST) distribution

Li and Nadarajah (2016) proposed the Kumaraswamy skewed ¢ distribution. Its pdf and cdf are

F(z) = abfy (@) FiS (2) [1 = Fay ()"

and

F(z)=1-[1- F2 ()],

respectively, for —oo < < 400, —00 < A < 400, ¥ > 0, a > 0 and b > 0, where f, ) (-) and
F, ) (-) are given by (3) and (4), respectively. If z, satisfies F' (z4) = 1 — ¢ then

g =F, 5 <[1 (1q)1/b]1/a>,

where Fy(-) denotes the inverse function of F} z(-). The particular case of the Kumaraswamy
skewed t distribution for A = 0 is the Kumaraswamy t distribution. The particular case for A = 0
and a = b =1 is the Student’s ¢ distribution with v degrees of freedom.

2.21 7T skewed ¢ distribution

Roozegar et al. (2016) proposed the t skewed t distribution. A random variable X is said to have
this distribution if it can be expressed as

where Z, g and U are independent random variables, U is a gamma random variable with both
shape and scale parameters equal to /2 and Z, g is a normal skew-normal random variable (Gémez
et al., 2013) with its pdf specified by

f(2) = c¢(2)® (az; B)

for —o0o < z < 400, —00 < a < 400 and —o0 < ff < 400, where ® (-; 3) is as defined in Section
2.1 and




The pdf of X is given by

fx) =cty(z)F 418 (owc\/ ::_:32) )

where F,, 11 5(-) is as defined by (4). The first two moments are

T (451) car/v
E(X) = r é) 2/ (1+ a?)

and

cBa’

m(1+a?)y/1+a2(1+52)

v

E(X2): v—2

1+

for v > 1 and v > 2, respectively.

2.22 Skewed ¢ normal (STN) distribution

The skewed t normal distribution is due to Gémez et al. (2007b) and Ho et al. (2012). Its pdf is
fx(z) =2t,(x)®(\x),

where —0o < A < 400 is a skewness parameter. The particular case for A = 0 is the Student’s ¢
distribution with v degrees of freedom. The limiting case for |A\| — +o0 is a truncated ¢ distribution.
The mean, variance, skewness and kurtosis are

v
E(X) = aunn\[,
T

v v
_fa?j
v—2 T

VCLT(X) = 77%1 )

2,3 3 m3 2m31
2a,m7) — g3+ ( + u—3>

v

T 20,2
(,,_2 aﬂhl)

M — 2 m 27731
KUTtOSiS(X) — 3491 (v—4)(v—2)> QCLanl ( v + 1/—3)

2 bl
T 2,2
<u—2 azﬂhl)

Skewness(X) = a,

Nl

and

. . r
respectively, for v > 1, v > 2, v > 3 and v > 4, respectively, where a, =

/+°O A ( vV—35 v
Tlst = 79 T‘ , o | dr,
0 (T+A2)2 2 "2

where ¢(7 | a,b) is as defined in Section 2.1.
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2.23 Non-central skewed ¢t (NCST) distribution

Let U and V be independent random variables, U a skewed normal random variable (Azzalini,
1985) with skewness parameter A and V ~ x2. The non-central skewed ¢ random variable due to
Hasan (2013) can be defined by

U

VVIiv

X =

Its pdf is

_ et
220372, /uT (%)

f(x) Ew [I{W >0} W"® (aW)],

where 8 = Vi’;% a = %, a= a\/g, W ~ N (O, %2> and I {A} is as defined in Section 2.1. The
particular case for A = 0 is the Student’s ¢ distribution with v degrees of freedom. The limiting
case A — +oo is the skewed normal distribution. The mean and variance are

by 0[5

v v T2 (450
52 — Tt

and

Var(X) = >

_ A
where § = e

2.24 Baker’s skewed ¢ distribution

Baker (2016) proposed a skewed t distribution with pdf and cdf specified by

—v/a

a (1 +r2) [Ca’/‘gar(x) + C—oe/rg—oc/r(l‘)]

flz) =
r V1+22B (1”+/,f“2, il )

and

via r*vja
F =1 —_—
(z) q(w)(1+r2’1+7a2>’
respectively, for —oco < x < 400, ¥ > 0, 7 > 0, ¢ > 0 and o > 0, where B(a,b) and I,(a,b) are as

defined in Section 2.1, v controls tail power, r controls tail power asymmetry, ¢ controls the scale
asymmetry, « controls how early ‘tail behaviour’ is apparent and

N e e

If x,, satisfies F' (x,) =1 — p then

2
o, [ Ve rv/a
=1 (Il_p<1+7’2’1+r2>>’
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where ¢~1(-) denotes the inverse function of ¢(-) and I !(a,b) is as defined in Section 2.1. The nth

moment is
B(X") = ! zn: (—1)m <”)cn—2m3 ( VIO om)s, T - 2m)5> ,

2
o (2, 22) 2y \m T4r Ttr

where § =1/ [a (1+72)].

2.25 Balakrishnan skewed ¢ distribution

A random variable X is said to have the Balakrishnan skew normal distribution (Arnold and Beaver,
2002) if its pdf is

f(@) = en(N)@(x) 2" (Az)

for —oo < x < 400, —00 < A < 400 and n > 0, where ¢,(\) denotes the normalizing constant.
Shafiei and Doostparast (2014) proposed the Balakrishnan skew ¢ distribution as an extension of
the Balakrishnan skew normal distribution. It is defined by the random variable

v

V/v
where U and V are independent random variables, U a Balakrishnan skew normal random variable
and V ~ x2. The particular case for n = 1 is Azzalini and Capitanio (2003)’s skewed ¢ distribution.

The particular case for A = 0 is the Student’s ¢ distribution with v degrees of freedom. The pdf of
X is

Y

v

v+1
F(2) = en(MNt (2) G <>\x ij 1n>

for —oco < x < 400, —00 < A < 400, n > 0 and v > 0, where (G,, denotes the joint cdf of an
n-variate t distribution with zero means, identity covariance matrix and degrees of freedom v + 1.
The first two moments of X are

VAL (VT_l) bn_1 (/\/m)

BlX) = 2¢/7(1+ A2 (%) bn (A)
and
st =25 1+ 359

for v > 1 and v > 2, respectively, where b, (A) = 1/c,(A) and b, () = b, ()\)/ON.

2.26 Epsilon skewed t distribution

The epsilon skewed ¢ distribution due to Gémez et al. (2007a) has the pdf

_v+1

1 1 22 2
fa)=C {+y(1+e)2} n

1 .732 T2
1+ —-—— >0
[+V(1—e)2} e

x <0,
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for —oo < & < 400, —1 < € < +1 and v > 0, where C' = (vmr)~Y/2" (42) /T (%). The particular
case for € = 0 is the Student’s ¢ distribution with v degrees of freedom. The first two moments are

pon - -1
and
v (1+ 362
E (XQ) _ (V — 2 )

for v > 1 and v > 2, respectively.

2.27 Mittnik and Paolella’s skewed ¢ distribution

Mittnik and Paolella (2000) proposed a skewed t distribution specified by the pdf

[1 + 1(—9w)d] o , <0,
f@)=C ; ;

[1 + i(x/@)d] s

for —0o < z < 400, 8 >0, d > 0 and v > 0, where C = d~ /4 (0 + 0‘1) B (d_l,u) and B(a,b) is
as defined in Section 2.1. McDonald and Newey (1988)’s generalized t distribution, the Student’s
t distribution and the exponential power distribution are contained as particular or limiting cases.
The rth moment is

()70~ + 0 B (g
=1 +0 B(

v—4)

,V

E(X") =

Q| ~

for r < vd.

3 Real data application

In this section, we compare the performances of some of the generalizations in Section 2 using a real
data set. The data we use are S&P / IFC (Standard & Poor’s / International Finance Corporation)
global daily price indices in United States dollars for South Africa. The data cover the period from
the 1st of January 1996 to the 31st of October 2008. The data were obtained from the database
Datastream. Following common practice, daily log returns were computed as first order differences
of logarithms of daily price indices.
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Figure 1: Histogram and fitted pdf of the AST distribution for log returns data from South Africa.

We fitted the following location scale variations of some of the reviewed distributions: the
five-parameter AST distribution, the four-parameter FSST distribution, the four-parameter JEST
distribution, the four-parameter ACST distribution, the three-parameter ST distribution, the four-
parameter BT distribution, the four-parameter KT distribution, the five-parameter ACIST distribu-
tion, the five-parameter BST distribution, the five-parameter KST distribution, the four-parameter
STN distribution and the four-parameter NCST distribution. For example, the location scale vari-
ant of the AST distribution fitted was

_r+l

1 1 T — 2 :
L R ey <
o { * 2 [2040]( (Vl):| } ’ T

fx(@) = oy — 2
1 1 T — [ 2
0{1+1/2 [2(1—a)0K(1/2)] » T4

for « € (0,1), v1 > 0,2 >0, 0 >0 and —oco < pu < +00, where K (v1) and K (1) are as defined
in Section 2.8. Each distribution was fitted by the method of maximum likelihood. Table 3 gives
the log-likelihood values, values of the Akaike Information Criterion (AIC), values of the Bayesian
Information Criterion (BIC) and p-values based on the Kolmogorov-Smirnov statistics. AIC is due
to Akaike (1974). BIC is due to Schwarz (1978). The smaller the values of these criteria the better
the fit. For more discussion on these criteria, see Burnham and Anderson (2004) and Fang (2011).
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Distribution log L AIC BIC p-value

AST -10333.0  20676.0 20707.1 0.086
FSST -10342.4 20692.7 20717.6 0.039
JFST -10344.3 20696.5 20721.4 0.031
ACST -10345.9 20699.8 20724.7 0.030

ST -10348.2  20702.4 20721.1 0.031
BT -10345.3 20698.6 20723.5 0.040
KT -10345.2  20698.4 20723.3 0.001
ACIST -10341.0 20692.0 20723.0 0.044

BST -10345.2 20700.4 20731.4 0.064

KST -10341.0  20692.0 20723.1 0.073

STN -10344.4 20696.8 20721.7 0.012
NCST -10344.6  20697.2 20722.1 0.003

Table 1: Fitted distributions.

We can see that the five-parameter AST distribution gives the smallest AIC, smallest BIC and
the largest p-value. So, it gives the best fit. The ST distribution provides significantly better fits
than all of the other distributions, including the ST distribution. The NCST distribution gives the
largest AIC and the smallest p-value. The ACIST distribution gives the smallest BIC. So, these
two distributions may be thought to give the worst fits. At the five percent level of significance,
the AST, BST and KST distributions give adequate fits.

The maximum likelihood estimates of the best fitting AST distribution are i = —2.94449x 1072,
o = 0.03105, 77 = 4.06787, 5 = 5.67492 and & = 0.49393. The fitting was performed using the R
package VaRES. The p-values were obtained using ks.test and parametric bootstrap. The histogram
of the data and the pdf of the AST distribution are shown in Figure 1. We see that the AST pdf
fits the data well. The left tail appears heavier than the right tail; that is, the tails do not appear
symmetric. This explains the significance of the AST distribution for the data.

4 Computer software

Software for the Student’s ¢ and related distributions are widely available. Some software available
from the R package (R Development Core Team, 2016) for the Student’s ¢ distribution are:

e the functions dstp, pstp, gstp and rstp in the package LaplacesDemon due to Byron Hall,
Martina Hall, Statisticat, LLC, Eric Brown, Richard Hermanson, Emmanuel Charpentier and
Henrik Singmann provide “the density, distribution function, quantile function, and random
generation for the univariate Student t distribution”.

e the functions dst, pst, gqst and rst in the package LaplacesDemon due to Byron Hall, Mar-
tina Hall, Statisticat, LLC, Eric Brown, Richard Hermanson, Emmanuel Charpentier and
Henrik Singmann provide “the density, distribution function, quantile function, and random
generation for the univariate Student t distribution”.
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the functions studentt, studentt2 and studentt3 in the package VGAM due to T. W. Yee
estimate “the parameters of a Student t distribution”.

the function sc.studentt2 in the package VGAM due to T. W. Yee “estimates the location and
scale parameters of a scaled Student t distribution with 2 degrees of freedom, by maximum
likelihood estimation”.

the functions dsc.t2, psc.t2, gsc.t2 and rsc.t2 in the package VGAM due to T. W. Yee provide
the “density function, distribution function, and quantile/expectile function and random
generation for the scaled Student t distribution with 2 degrees of freedom”.

the function pdfst3 in the package Imomco due to W. Asquith “computes the probability
density of the 3-parameter Student t distribution”.

the function parst3 in the package Imomco due to W. Asquith “estimates the parameters of
the 3-parameter Student t distribution given the L-moments of the data”.

the function cdfst3 in the package Imomco due to W. Asquith “computes the cumulative
probability or nonexceedance probability of the 3-parameter Student t distribution given
parameters”.

the function Imomst3 in the package Imomco due to W. Asquith “estimates the first six L-
moments of the 3-parameter Student t distribution given the parameters”.

the function fit.st in the package QRMIib due to A. McNeil and S. Ulman “fits univariate
Student’s t distribution”.

the function ESst in the package QRMIib due to A. McNeil and S. Ulman “calculates expected
shortfall for Student t distribution”.

the functions dt, pt, qt and rt in the base package due to the R Core Team provide “density,
distribution function, quantile function and random generation for the t distribution”.

the functions dt, pt, qt and rt in the package stats due to the R Core Team provide “density,
distribution function, quantile function and random generation for the t distribution”.

the function get.t.par in the package rriskDistributions due to N. Belgorodski, M. Greiner, K.
Tolksdorf, K. Schueller, M. Flor and L. Gohring fits “parameter of a Student’s t distribution
from one or more quantiles”.

the function visualize.t in the package visualize due to J. Balamuta “generates a plot of the
Student’s t distribution with user specified parameters”.

the functions dT, pT, varT and esT in the package VaRES due to S. Nadarajah, S. Chan and
E. Afuecheta compute “the pdf, cdf, value at risk and expected shortfall for the Student’s t
distribution”.

the function LogtESDFPerc in the package Dowd due to D. Acharya “plots the ES of a port-
folio against confidence level assuming that geometric returns are Student t distributed, for
specified confidence level and holding period”.

the function LogtESPlot2DCL in the package Dowd due to D. Acharya “plots the ES of a
portfolio against confidence level assuming that geometric returns are Student t distributed,
for specified confidence level and holding period”.
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e the function LogtESPIot2DHP in the package Dowd due to D. Acharya “plots the ES of a
portfolio against holding period assuming that geometric returns are Student t distributed,
for specified confidence level and holding period”.

e the function LogtVaRDFPerc in the package Dowd due to D. Acharya “plots the VaR of a
portfolio against confidence level assuming that geometric returns are Student t distributed,
for specified confidence level and holding period”.

e the function LogtVaR in the package Dowd due to D. Acharya “estimates the VaR of a portfolio
assuming that geometric returns are Student t distributed, for specified confidence level and
holding period”.

e the function LogtVaRPlot2DHP in the package Dowd due to D. Acharya “plots the VaR of a
portfolio against holding period assuming that geometric returns are Student t distributed,
for specified confidence level and holding period”.

Some software available from the R package for generalizations or extensions of the Student’s ¢
distribution are:

e the package skewt due to R. King provides “density, distribution function, quantile function
and random generation for the skewed t distribution of Fernandez and Steel”.

e the functions d.absTd, p.absTd and q.absTd in the package Statomica due to Z. Montazeri,
A. Ali, K. Leckett, M. Padilla and D. R. Bickel provide “density, distribution function and
quantile function of the absolute t distribution”.

e the function dabsTd in the package LFDR.MLE due to Y. Yang, M. Padilla, A. Ali, K. Leckett,
Z. Yang, 7. Li, C. M. Yanofsky and D. R. Bickel computes the “density of the absolute t
distribution”.

e the package MitISEM due to N. Basturk, L. F. Hoogerheide, A. Opschoor, H. K. van Dijk
provides functions for “mixture of Student t Distributions using importance sampling and
expectation maximization”.

e the functions dgt, pgt, qgt and rgt in the package JMbayes due to D. Rizopoulos and the R
Core Team provide “density, distribution function, quantile function and random generation
for the generalized Student’s t distribution”.

e the functions dgat, pgat, qgat and rgat in the package GEVStableGarch due to T. Sousa, C.
Otiniano, S. Lopes and D. Wuertz provide “density, distribution function, quantile function
and to generate random variates for the generalized asymmetric t distribution defined by
Paolella (1997) and Mittnik and Paolella (2000)”.

e the functions dskstd, pskstd, gskstd and rskstd in the package GEVStableGarch due to T. Sousa,
C. Otiniano, S. Lopes and D. Wuertz provide “density, distribution function, quantile function
and to generate random values for the Skew Student’s t distribution from Fernandez and Steel
(1998)”.

e the functions dhalfT, phalfT, varhalfT and eshalfT in the package VaRES due to S. Nadarajah,
S. Chan and E. Afuecheta compute “the pdf, cdf, value at risk and expected shortfall for the
half t distribution”.
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e the functions dast, past, varast and esast in the package VaRES due to S. Nadarajah, S.

Chan and E. Afuecheta compute “the pdf, cdf, value at risk and expected shortfall for the
asymmetric Student’s t distribution due to Zhu and Galbraith (2010)”.

e the functions dst, pst, gst and rst in the package sn due to A. Azzalini provide “density

function, distribution function, quantiles and random number generation for the skew-t (ST)
distribution”.

Note that R is a free software and downloadable from http://www.r-project.org
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