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Summary. In this article, we present a new explicit formula for calculating the weighted
Brousseau sums associated with the geometric sequence, utilizing only binomial coefficients,
as long as the common ratio is not equal to one. We use it to derive the polynomial forms of
the alternating power sums. Furthermore, we deduce expressions for the Brousseau sums of
Mersenne, Jacobsthal, and Jacobsthal-Lucas numbers. We also derive a recursive formula for
finding the power sums.

1 INTRODUCTION

Jacques Bernoulli [1, p. 95-97] is credited with introducing the Bernoulli numbers, which

are denoted as B,, to calculate the power sum Y%_, kP of the p™" powers of the first n positive
integers. Subsequently, he established the summation formula

[p/2]

- nt n +1
N RILRRE 3 G

k=1

form,n > 1.

By defining B, = 1 and B; = — % it can be written as (see [2])

N R S PR

k=1
form,n>1.

Euler [3] investigated the alternating power sum Y%_,(—1)* k two decades later. In the
end, he provided the general conclusion [4, Identity (2.8)]

y "+1n1 tt"—-1)

where A (t) are the Eulerlan polynomials, which are recursively defined by

-1

A =1, A (6) = z (I:)Ar(t)(t _1) -1,

r=0
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Euler [4, Identity (3.3)] provided another simplified version of Eq. (2) as
n 14

- p nP=J t
z kPtk = —¢t 1]2 ( ) - t)]_l_lA-(t) + mflp(t) 3)

k=1

In this paper, we provide a better version of this formula for the weighted power sum. It is
derived exclusively from binomial coefficients as

n b
B k= KZ ®) (—1)m<r>(t)np-r> - (—1)%4@)@)],
k=1

r=0
where the rational functions A®(t) are recursively defined by
1 , ifp=20;

p
APV =1 1 Z(p)a‘l(p_j)(t); itp>1.
VAN =
J=

The Euler polynomials E, (t) are defined by the explicit formula [5, p. 804]

p .
3 p E] 1\?~/
5= 1)z -2)
=
where E; are the Euler numbers. The Euler numbers are connected to a specific value of the
Euler polynomials, which is given by the formula:

e (1
E, = 2”E, (§>

The alternating power sum can be written in terms of Euler polynomials as [5, p. 804]

L
Z( D4 P = 2 [(~DE, (n + D) + By (0)] 4)

Equivalently, Kim [6, Theorem 1] proved that

Z( 1y = )n+12(1)E<O) - 1+E()(1+( D™y ®)

=0
Additional information regarding alternating power sums is available in [7, 8, 9, 10, 11].

Euler’s identity in Eq. (4) gives the alternating power sums in terms of powers of (n + 1).
We deduce a simplified version in terms of powers of n, which is given below.

i(—l)k o =2 [-0E”m -2V )
k=1

where
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p
£’ = Z(—DT e (7).

are the shifted Euler polynomials and €M = 4@ (=1). In fact, AT (1) is the value of the
r™ Euler polynomial E, (x) evaluated at x = 0.
Furthermore, we deduce identities for the weighted Brousseau sums

n n n
Z kP M, Z kP J,, and Z kP i,
k=1 k=1 k=1

where, the Mersenne numbers M, the Jacobsthal numbers J,, and the Jacobsthal-Lucas
numbers j, are defined by [12, p. 447]
1
M, =2k-1, J, = 5(2’< — (=D"), and j, = 2% + (-1)%,
fork > 1.

2 RECURSIONS

In this section, we find a recurrence formula for the convolution Y73 k? t"%. Recall that
the geometric sequence (G,)nso IS defined by G,, = t™. We can express it in recursive form as
G, =1and G, = tG,_, forn > 0.

Lemma 1. For all integers n,p > 1, the following identity holds:

n-1 p
G, — tnP = z kPt — z (’?) k=i |G, (6)
k=1 j=0 J
Proof. Consider the right-hand side of Eq. (6) and use the binomial expansion to get,
n-1 14 n-1
kPt — 2 (?) ki |G, = Z(kpt — (k + 1)P) K
k=1 j=0 J k=1
n-—1
= ) kpenit Z(k+ 1Pk
k=1
n-—1
— kP tn—k+1 Z kP tn—k+1
k=1
=t" —tn?
= G, — tnP
This completes the proof. O

Proposition 2. For all integersn,p > 1,
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S
[uy

n-1 1 p -
p
p -
Z" e Z()(
k=0 j=1

Proof. Rewriting Eq. (6), we have

n—-1 14
Gn=tn’”+lzi kPt — 1) Z()kl’f G
—tnp+(t—1)2kp6nk Z()(Ek” Jc;_k>

Since kPG,,_, = 0 for k = 0, we may begin the first summation at k = 0 instead of at
k =1 and obtain

n—-1 14 n-1
G, = tn® + (t — 1) z kP G,y — Z (’?) ( kP~ Gn_k>. ®)
k=0 j J k=1

kP=J Gn_k> — tnP]. (7)

r
Il
o

Since

» 0 ifk=0,j%p,
p—J —
kP G {Gn ifk=0,j=p,

we can rewrite (8) as

n—1 p n-—1
G,=tnP +(t—1) Z kP G,_i — Z <p> ( kP=J Gn—k) + G,.
k=0 j J k=0

Thus, we obtain

(t_nzkpcn k_z( )(zkp s -0

This completes the proof. O
Let us explore a case that utilizes Proposition 2. It follows from Eq. (7) that

1
D=2 0)(G e o)
0

-1 n-1

kP = lim kP ¢tk
t—-1
0 k=0

and

S

&
I
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1 P n—1
= lim—— lz (p) (Z kp—j tﬂ—k) — tnP
to1t — 1|4 \j
j=1 k=0

Now, using L’Hopital’s rule, we obtain

n—-1 14 n—1
kP = lim z (’7) (Z kP (n — k)tn-k-1> _ P
k=0 =Y'\=
14 n—1
p .
=Z( ) Z(n—k)kp 1>—np
=1 I \i=

j=1 =0 j=2 k=0 k=0
Thus,
n-1 p n—-1 p-1 n—1
oo =) ()02 1))
i \] i \j+1
k=0 j=1 k=0 j=1 k=0

Replacing n by n + 1 and defining (pﬁ’d) = 0, we have the following novel recurrence for

computing the power sum:
Theorem 3. For all integersn,p > 1,

n

@ + 1)kz;kp - ]Z: [(n +1) (i’) - (j f 1)] (Z kv-f> —(+1P. (9)

k=0

Setting p = 1 yields

2- k=(n+1)< 1)—(n+1)=(n+1)2—(n+1)=n(n+1).
2, ).

k=0
Thus,

zn: k= n(n2+ 1).

k=0

Likewise, setting p = 2 yields
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3- Zkz— [2(n+1) —1] (kZ ) [(n+1) —0] (21)—(n+1)2
)

k=0
=@2n+1)——— ( +(+1% -+ 1)?
B n(n + 1)(2n +1)

= > :

Thus,

n
z i = nn+1)2n+ 1).
6
3 CONVOLUTIONS

In this section, we find an explicit formula for the convolution Y?Z3 kP t" k. Using
Proposition 2, we can find the sum

n—-1
Trgp) () = z kP Gy
k=0
recursively forp = 1,2, ...

(t = DLW = Guas — ¢,
(t - DT (t) = (L) Gy — [n + L]
n t—1) ™t t—1/
t+1

t-DTP @) = ((t 1)2) Gni1 —t [nz +2 (t i 1)" + (:jll)z]r

@ [P HAt+1
(¢~ DT (t)—(—(t_l)g )

. 3+3< 1 ) 2+3< t+1) +t2+4t+1
" t—1)" -0z " T T =13 |

and so on. These equations follow a pattern. To understand the pattern, we must define the
following sequence (A® (t))p=0 Of Eulerian rational functions:

1 , ifp=0,
p
AP (t) = Lz(p)ﬂ(p_j)(t), ifp>1. (10)
t—1&ly B
]:

The recurrence A ® (t) generates the sequence of rational functions

1 t+1 t>4+4t+1 3 4+112+11t+1 t*+26t3+66t2+26t+1
"t—-1"(t-12% (t—-1)3 "' (t—1)* ’ (t—1)°
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Note that the numerators are the Eulerian polynomials A, (t).
For t = —1, the recurrence generates the rational sequence
1 1 1 17 31 691 5461
1, _E, 0, Z, 0, _E, 0, ?, 0, _7, 0, T, 0, _T, nan
Note that these numbers are the values of the Euler polynomials E, (t) evaluated at t = 0.
For t = 2, this sequence is
1, 1, 3, 13, 75, 541, 4683, 47293, 545835, 7087261, 102247563, ..

These numbers are known as Fubini numbers or ordered Bell numbers [13, A000670]. For
notational convenience, we write

EP =E,(0) =AP(-1) and F® = AP (2),

Thus,
1 , ifp=0;
e =) 1o py .
_Ez ( .)g(P—]), if p>1,
j=1 J
and
1 , if p=0;
14
® = .
F (?)?@-D, ifp>1.
=
It is easy to prove that
p
(—DPe® = Z (p) e,
e \ ]
Jj=0

The general formula for the convolution Tn(p)(t) IS given here.

Theorem 4. For all integers p > 0,

n—-1 14
z kPG, = % [cﬂ(p) (DGppas — tz AD (1) (f) np‘T]. a1

k=0 r=0

In other words,

n—-1 p
t p
pin—k — _~ | g4 n_ ) p-r
;)k t t_l[oq (Ot zooq ® (") ]
= r=

Proof. We use induction on p. When p = 0, the left-hand side of Eq. (11) is

n—-1 n—-1 n G ¢
kaGn—k :an—k:ZGkZ%,
k=0 k=0 k=1

27


https://oeis.org/A000670

Prabha Sivaraman Nair

and the right-hand side is

— Gn+1 -t
t—1
Thus, Eq. (11) holds for p = 0. Now fix p = 1. Assume that Eq. (11) holds for all non-
negative integers less than p. Now, using Proposition 2, we have

t—1) :Z_: kPG, , = Jz: (i’) [2 kP Gn_k] — tnP, (1)

Now, using the induction hypothesis,

1 0)G 0
m(d‘l( )Gy — tA(0))

n—1 1 p-Jj .
Z kP Goge =g | AP G — tzcﬂm (p ;1>np—j—r _
k=0 r=0

By substituting this in Eq. (11), we obtain

n-1 n 1 p—Jj .
=0 k6= ) () [rmg| A7 6na =1 ) a® (7 ) )~ e
k=0 .=1 r=0
n n p—Jj .
Z c/l(p_j)Gn+1 — tz z c/l(r) (p) (p _']) np_j_r — tnp_
t B 1 j=1 j=17r=0 J r
Using Eq. (10), this becomes
n—1
t—1) z kP Gy = APG,yy — tdP (t,1) — tnP, (13)
where
1 p p-J
PP (t,n) = o 122 AT ( ) (p ]) nP=J, (14)

j=1r
Keeping j as j and changing r tor + j in Eq. (14), we obtain

dP(t,n) = 122ﬂ<r P (t)( )(p j) -

j=1r=j
Now, switching the order of summation, we get

e = i3S a0 ()

r=1j=
Next, using the binomial identity [14, Identity 134, p. 67], we have
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(G- =C)G)

Therefore,
.
$®(t,n) = %;]Zﬂm-ﬂ ©()(7)nw
20| i)
,,
DR
- 20 () -

Substituting this in Eq. (13) yields

n-1 p
(t — 1) Z km Gn—k = c/l(p)Gn+1 —t (Z UQ(T) (I:) nb-7r — np) — tnP
k=0 r=0

p
APG, . t(Zu‘l (T)n )
r=0

Hence,

n—1 D
; k™ G = ﬁ [JN’) ()Gnss —t (Z a0 o (") nv>] :

r=0
as desired. This completes the proof.

Corollary 5. For all integers p = 0, the following identity holds:

n-1 p
Z(—l)n-k kP = %[(_1)718@) _ Z NG (1:) n,,_r].
k=0 r=0

Proof. It follows from Theorem 4 by setting t = —1.
Corollary 6. For all integers p > 0, the following identity holds:

n—1 P

Z on—k p — gp)yn+l _ o Zg:(p) (P) npP-r.
T

k=0 r=0

Proof. It follows from Theorem 4 by setting t = 2.

29
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Definition 7. For all integers p > 0, we define the following polynomials £®(x) in x of
degree p as
P
®) () = @ (P yp-r
EW)(x) Z E (r)x .
r=0
Note that £®)(0) = €@,
The first few of the polynomials €@ are given below:

1
EO(x) =1, EV@) =x -3,
3 1
E@(x) = x% —x, 8(3)(x)=x3—5x2+z,
5 5 1
EW(x) = x* — 2x3 +x, 8(5)(x)=x5—§x4+§x2—§,
7 35 21 17
E©)(x) = x5 — 3x5 4 5x3 — 3x, ED) =x7 —=x® + —x* ——x +—.

2 4 2 8

Note that these are nothing but the Euler polynomials E,(x). It is not difficult to prove by
using the exponential generating function that

14
Ey(0) = D) = Y e® (P)rr,
r=0

4 POWER SUMS

In this section, we find an explicit formula for the sum Y3_, kP t™ and deduce the formula
for the alternating power sum. Applying Theorem 4, we can find the sums

n
SP(b) = Z kP Gy
k=1

forp =0,1,2, ...
t—1DSO) =Gpuy — ¢,

1 t
t—1)SP (D) = <n - tT) Guas + 7,

1
Do (2 2 t+1 _tt+1)
(t - DsP(0) = (v t_1n+(t_1)2)0n+1 s
o e@ 3 3(t+ 1) _t2+4t+1 t(t> +4t+ 1)
(= 1S (t)‘<"3 S LN e L R E ) N I VR

and so on. These equations also follow a pattern. Each equation is of the form

(t — DSP () = P (t,n)Gpyq — tEP(2,0),
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where

P
CcO(tn) = Z(—nr AT () (f) npT
r=0

Theorem 8. For all p > 0, we have

n 14
Z kP G, = % (Z (’r’) (—1)rA® (t)nr’-r> Gpor — (—1)pta‘l(p)(t)].
k=1 r=0

In other words,
14

Z kPt = t—% [(Z (’r’) (—1)nﬂ<r>(t)nv—r) e — (—1)%4(17)(1:)]. (16)
k=1

r=0
Proof. The case where p = 0 holds since

n

Ztk_tn+1_t
ot—-1

k=1
Now, assume that p > 1. Then, using the binomial expansion, we have

n

kz kP Gy = kZ:m — k)P Gy
> (?) P (—k) | Gy

j=0

S
-

n—1

M“ g

(%) - 1KIG,
0 k=0 ]

(-1)/ (J)np J(nikf Gn_k>.

k=0

~.
1]

I
'Mw

0

J

Zn:kp Gy Z( 1)1( )np J(n_lkf Gn_k>.
k=1

k=0

Thus,

Now, using Theorem 4, we have

n-1 j

. 1 . N
2 K G = —= AD ()G e — tz AT (1) (i) nf=7|.

k=0 =0

When we substitute Eq. (18) into Eq. (17), we obtain

31
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n m
p 1)/ (1)( ) m-—j
;k 6e=r=|| 2,0 4 (] G

=0
14 .
LY a0 () ()
7=07r=0
Thus,
n m
1 P a0 (™ ymei ®
kaszt_—l Z(—nuzl(_)n i\ Gy — tp®@ (1) |,
k=1 =0 J
where

PP (t,n) = ZZ( 1)) A@(t)( )(. )np-r. (19)

j=07r=0

To complete the proof, we only need to show that
Y@ (t,n) = (-1)PAD.
By switching the order of summation in Eq. (19), we get

e = 3 a0 Yo (7))o
j=r

r=0

Now, using the binomial identity from Gould’s collection [15, Identity 3.119],
ifr#p;
j
Z( (5 )=, 2,

PP (t,n) = (~1)PAP (1),
as desired. This completes the proof. |

we obtain

Corollary 9. For all integers p = 0, the following identity holds:

n
Y koo = t_Ll [c® (¢, )t" — P (1, 0)], (20)
k=1
p
where C®(t,n) = 2(—1)r AT (t) (p) nPr,
r=0 r
Proof. It is immediate from Theorem 8. |
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Definition 10. For all integers p > 0, we define the following shifted Euler polynomials
—=(®) .
E "(x)in x of degree p as

14
E(p) (x) = ZO(_l)r cm (z) P

Note that E(0) = (~1)PE®.
The first few shifted Euler polynomials are given below:

%=1 £ =x +%

2w =x?+x £ =23 + ;xz —%
g(4)(3’6)=X4+2x3—x 5(5)(x)=x5+gx4—;x2+%

5(6)(x) = x® + 3x> — 5x3 + 3x 5(7)(x) =x’ +;x6 - %x‘* +%x —%

The graph of these polynomials is given in Fig. 1.

Fig. 1. Shifted Euler polynomials E"(p) (x)forp=1,2,3,4,5, and 6.

Corollary 11. For all integers p > 0, the following identity holds:
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n
1 — —
Z(—l)k k= (D" m) -2 ). 1)
k=1
Proof. It follows from Theorem 8 by setting t = —1. |

Polynomial forms of the alternating power sum Y%_,(—1)* kP for 0 < p < 10 are given in
Tab. 1.

n
p Y Dk kP
k=1
0 1
E[(—l)"—l]
L glevr(eg)-
2 "T2) 72
1
2 Seurmiem
3 1 3,3 5 1) 1]
2[( D (n MRy
1
4 E (—D*(n* +2n3 —n)
5 i /. 5. 5, 1> 1]
2[( D (n tam T t3) 73
1
6 5 (=1D)™(n® + 3n° —5n3 + 3n)
7 1 n77635421217>17
2[(1)(n+2n 4n+2n 8+8
1
8 5 (=)™ (n® + 4n” — 14n> + 28n3 — 17n)
9 1 9 153 31 31
_ _171(9 _8_216 4 " 02 _)__]
2[( )n+2n n°+ 63n 2n+2 >
1
10 > (—=1)™(n*® + 5n° — 60n” + 63n> — 255n> + 155n)

Tab. 1. Polynomial forms of alternating power sums for 1 < p < 10

Corollary 12. For all integers p = 0, the following identity holds:

n p
Y k2t =2 [2" (Z(—l)r}"(” *) np-r> - (~)PF®)|, (22)
k=1 r=0 r
where F®) is the pt" Fubini number.
Proof. It follows from Theorem 8 by setting t = 2. |

Theorem 13. For all integers p > 0, the following identity holds:
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n

r P
Z kP M, = 2 |2" (Z(—nr FO (’;) nP‘T) — (~)PF®

k=1
1« +1
p _
N _1r( )B pr+1’ 2
P“Eo( Yo, )Ben ] (23)
L r=

where M, is the k" Mersenne number.
Proof. Since M,, = 2¥ — 1, we have

n n n
kaMk =Zk7’2k—2k7’.
k=1 k=1 k=1

Now, Eq. (23) follows from Egs. (1) and (22). O
Theorem 14. For all integers p = 0, the following identity holds:

n

- P
Z kP ], = g on <Z(_1)r F@ (f) np—r> — (~1)PF®

k=1
—%( 1)"(2( 1y e (P)nr- r)—( 1)108@] 24)

where J is the k" Jacobsthal number.
Proof. Since J, = §(2k — (=1D*), we have

n 14 14
;kp]k = %LZI kP 2k — ;(—1)’< kP].

Now, Eq. (24) follows from Egs. (21) and (22). a
Settingp = 0,1, and 2 in Eq. (24) yields

zl =1 2n+2_(_1)n_3]
k 6 ’

z k]k — Zn(2n+2 _ ( 1)n+2) _ (2n+3 _ ( 1)n+3) + 9]

1
Z K2 Jie= 2 [n?(@2 = (- 1)™2) = n(@™ = (-1)™3) +12(2" - 1],
k=1

Rewriting these in terms of Jacobsthal and Mersenne numbers, we obtain the following
lovely formulas:
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_1
]k - EU‘I‘L+2 - 1])

NgE

1

I

k Ji [2n)p42 = Jn+s + 31,

M37|r

k
n

1
kz]k = E [n2]n+2 —Npys + 4Mn]-
=1

1

k
Theorem 15. For all integers p > 0, the following identity holds:

Z kP j, =2 [2" <Z( 1)T:F(r> np r) — (-1D)PF®
1 14
3| (Z(—nr e () np-r> - (—1)Pe<p>], (25)

r=0

where j, is the k" Jacobsthal-Lucas number.
Proof. Since j, = 2% + (—1)*, we have

n 14 14
Z kP j, = Z kP 2F + Z(—1)k kP.
k=1 k=1 k=1

Now, Eq. (25) follows from Egs. (21) and (22). O
Setting p = 0, 1, and 2, respectively, in Eq. (25) yields

ij S22+ (D" - 5]

Z ki = % 2022 + (1))~ @M + (-1 47],

z kZ — 2(2n+2 + ( 1)n+2) n(2n+3 + (_1)n+3) + 12(2n _ 1)]

Rewriting these in terms of Jacobsthal-Lucas and Mersenne numbers, we obtain the
following identities that bear a striking resemblance to those of Jacobsthal numbers:

o1
D =3 lins2 =51,
k=1

o1 . .
Z kj, = y [2jn42 = Jn+s + 71,
k=1
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o1 .
kz]k = E [n2]n+2 —Nnsz + 12Mn]-

NgE

k=1

5 CONNECTIONS TO PREVIOUS WORKS
Thomas and Namboothiri [16] derived the following recurrence formula for finding the

power sums.
Zn: kP = % (n+ 1)Pn + pi(—nf (f) (n + 1)P~ (Zn: kj> .
k=1 j=1

k=1

The main drawback of this formula is that it can be used only for odd powers p. But our
formula in Theorem 3 works for all positive integer powers p.
We note that the binomial transform of the sequence (& (P))p>0 can be deduced from our

Corollary 5. Settingn = 1 and p > 1 in Eq. (15) yields

0= %[—e@) - zp: g0 (’:)]

r=0

It follows that

p
_e® — z Q) (7:)
r=0

Since £® = 0 for all even p, we can rewrite this as

P
(—1)PE® = Z cm (f)
r=0

Note that this is also true for p = 0. This is a good place to mention that Euler’s identity in
Eq. (4) follows from our identity in Eq. (21) as we now demonstrate.

P
E(p)(x) _ ;(_1)r £ (f) £PT

p r
= Z Z (r) £0) (p) T
et \] r
r=0 \j=0
Switching the order of summation, this becomes
) 14 14
— T .
g’ (x) = Z Z (p) ( _)xp—r f{0))
. SR
j=0 \r=j
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p
= Z (P) (x+1)PTeD
—i \]
j=0
= g(p)(x +1).
Also, forp > 1,
g(p)(o) = (—DPE® = —g®) = _g®@)(().
Thus,

n
1
Z(—nkkv =S [DreP @+ 1) + £P(O)]
k=1
which is the Euler’s identity in Eq. (4), as desired.

A nice recurrence formula for €® can also be deduced from the convolution identity (15)
in Corollary 5. Settingn = 1 and p > 1 in Eq. (15) yields

p
1 p
1 tew _ ) p—r
1 2[8 Zs (T)z ]
r=0

and if we simplify this, we get

p—1

1 p
) —1_2 p-T @
£® =1 22(1+2 )(T)e .

=

Kim’s identity in Eq. (5) can also be deduced from Corollary 5. To see this, first rewrite
Eq. (14) as

n-1 b

z(_l)k kP = 1 c® 4 (_1)n+1z cm (p) P
=0 2 0 r

= r=

Now, split off the last term of the summation on the right-hand side to get

n-1 p—1

1
Z(—l)k kP = Z[EP A+ (D)™ + (-)™ Z g® (f) npr|,
k=0 r=0

which is the Kim’s identity in Eq. (5), as desired.
Finally, we show how to deduce Euler’s general identity in Eq. (3) from Eq. (16). It is easy
to prove by induction that the Eulerian polynomials A, (t) and the Eulerian rational functions

AP (t) are connected by the relation
Ap(®) = (t = DPAP (1),
for all integers p > 0. Substituting this in Eq. (16) yields
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n p
t p - A0 L (t)
;«ptu—l[(z(r R

.|

k= r=0
a A(D) Ap(D)
-r | sn _ [4
— [(; — o (t)n?P ) t - t)P]
14
e A, (t) t
—t" 2.\ a—pm OnP™ + T A ©),

which is Euler’s general identity in Eq. (3).

6 CONCLUDING REMARKS

In our work, we established the definitions of our functions A®(t) using the binomial
coefficients as outlined in Eq. (10). We subsequently demonstrated that these functions are
present in the convolution formulas Y- kPt™ % specified in Proposition 2, which
consequently resulted in their inclusion in the sum formulas Y3_; t™ kP presented in Theorem
3. Furthermore, we determined a recurrence formula for computing the power sums and an
explicit formula for computing the alternating power sums. We have expanded the analysis to
include Fubini numbers, Mersenne numbers, Jacobsthal numbers and Jacobsthal-Lucas
numbers.

Several identities on infinite sums can also be deduced from our identities. For example, if
|t| < 1and p = 1, then by letting n — o in Eq. (16) and simplifying, we obtain the following
interesting infinite sum:

[(k + 1)? — kP] tk = (=1)PAP(t).

[N

&
1l
(=)

In particular, by setting t = % we get

1P —QP 2P _1P 3P _ 2P
20 * 21 * 22

1
+ o= (=1)PA® (5)
and
1P — QP 20 _1P 3P _ QP
20 1 T

— o= (=1)PA® (_ %>,

forp = 1.
As another application, we can deduce the identity [17, Identity (19)]

n
> 0=2-40,,
k=1

where (0,,),s1 is the sequence of Oresme numbers defined by 0,, = 2% by setting p = 1 and
t= % in Eq. (16). Likewise, the identity [17, Identity (20)]
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Z( D40, = 5[5+ (1102 ~ 20,)]

can be deduced from Eq. (16) by setting p =1 and t = —%. More such identities for the

power sums of Oresme numbers can be deduced similarly. For example, the following
identity holds:

0, 5
2n3 9. 4n—1]'

M:

0t =3[5- 013
k=1
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